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Today

* Machine Learning
— supervised
— unsupervised
— reinforcement
— theory

* Examples
— hand-written digit recognition
— polynomial curve-fitting

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 3



"

k'-“. "

-' - ‘/.'U.)"(.d
—

'-“h_._.

_2—
7/[/ )7 ~.
/1(((( -‘ ,,/,,




Machine Learning

* Supervised Learning
— set of training data with inputs and targets
— classification, regression, ...
* Unsupervised Learning
— set of training data with inputs, but without targets
— clustering, density estimation, dimensionality reduction, ...

* Reinforcement Learning
— set of training trials of interaction with feedback by a critic
— value function, decision policy, exploration vs. exploitation, ...

* Learning Theory
— theoretical investigations: what can be learned? how fast?
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Hand-Written Digit Recognition

input: digital image (28x28 pixels)
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target: label 0,1, 2,3,4,5,6,7,8,0r9
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Hand-Written Digit Recognition (cnt’d)

 Data
— training: set of hand-written digit images with correct labels
— test: examples similar to the training set

* Model Selection
— input x, output y(x)
— generalization

* Learning
— training phase

— test phase
— cross-validation
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Hand-Written Digit Recognition (cnt’d)
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Hand-Written Digit Recognition (cnt’d)

* Feature Extraction/Selection
— preprocessing: translation and scaling to fit into a fixed box
— reduction of the variability within each class
— transformation to a space where the problem may be easier

* Dimensionality Reduction
— reduce the dimensionality of the problem for speed-up
— a set of carefully selected features instead of images
— critical information may be discarded!
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Polynomial Curve Fitting

t = sin(27x)
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Sum-of-Squares Error Function
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It is a function minimization problem! Easy, because the derivative is a linear function of w!
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0t Order Polynomial
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15t Order Polynomial
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34 Order Polynomial
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9th Order Polynomial
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Over-Fitting

—6— Training |training| = 10 examples
©— Test |test|=100 examples

Root-Mean-Square (RMS) Error: Erug = /2E(w*)/N
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Polynomial Coefficients

M=0 M=1 M=3 M =09
wg | 019 082  0.31 0.35
wk 1.27  7.99 232.37
w -95.43 -5321.83
W 17.37  48568.31
w -231639.30
wk 640042.26
wi -1061800.52
W 1042400.18
wi -557682.99
wy 125201.43
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Data Set Size: N = 15

9th Order Polynomial
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Data Set Size: N = 100

9th Order Polynomial
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Regularization

* Penalize large coefficient values

al A
=5 2 (vl w) = a4 5w
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wl?=w'w=wi+w?+...+w

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21



Regularization: In )\ = —18
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Regularization: In\ =0
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Regularization: ExusVS. In)

Training
Test
-35 =30 4, 25 -20
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Polynomial Coefficients

InA=—-o0 InA=-18 InA=0
wy 0.35 0.35 0.13
wy 232.37 4.74 -0.05
w3 -5321.83 -0.77 -0.06
Wy 48568.31 -31.97 -0.05
w) -231639.30 -3.89 -0.03
WE 640042.26 55.28 -0.02
wg | -1061800.52 41.32 -0.01
ws | 1042400.18 -45.95 -0.00
w3 -557682.99 -91.53 0.00
wy 125201.43 72.68 0.01
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Heart Abnormalities

No abnormalities

Atrial fibrillation
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Right bundle branch block
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Machine Learning Approach

Training data

B RS A R A A P P
! L LA T

H L Labels e.g. healty,

A, % B

art. fib., RBBB

Unseen data

_&J\_JYA_JVJ\_ ?
| Learning
Model prediction | algorithm
update model Model >
prediction
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Predicting the Scoring of Goals
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Real-Time Image Segmentation
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Segmented Image (cars, signs, road, ...)
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Today

* Regression
* Basis functions
— polynomial, Gaussian, sigmoidal
* ML Least-Squares
* Sequential learning
* Regularization

* Multi-Dimensional Output
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Regression

* Given
— a training data set of N observations of x: {x,, X, ..., X\ }
— together with the corresponding target values: {t,, t,, ..., t}

* Goal
— a function y(x) that predicts the target value t for any input x
— a predictive distribution p(t|x) over values of t for any input x

* Objective
— minimization of a loss function (e.g. the squared loss)
« Common model choice

— linear combinations of (non-linear) basis functions
— limited in high dimensions, but with nice analytical properties
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Example: Polynomial Curve Fitting

t = sin(27x)

0 1

y(x, w) = wy +wix +wez? + ... +wyz™ = ij:)cj
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Basis Function Models

 Linear model

— gbj(X) are known as basis functions (may be non-linear)

— w; are known as parameters or weights

* Bias parameter
— typically, ¢y(x) = 1, so that wy acts as a bias (DC component)

* Simplest case
— linear basis functions, one per dimension: ¢,(x) = x,

— imposes significant limitations on the model
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Polynomial Basis Functions

global: a small change in z
affects all basis functions

spline functions: separate
regions with different 05t/
polynomials in each region

1t -
-1 0 1
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Gaussian (Radial) Basis Functions

_ (z — py) A /
¢i(r) =expq — 502
0.75 |
local: a small change in z
only affects nearby basis 0.5 7
functions
f;'s control location 0.25
s controls scale (width) |
O o
-1 0 |
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Sigmoidal Basis Functions

0.75 1

0.5]

local: a small change in x
only affects nearby basis 0.25 |
functions '

p;’'s control location

s controls scale (slope) —1
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Other Basis Functions

Fourier series

— expansion in sinusoidal functions

— each basis function represents a specific frequency

— each basis function has an infinite spatial extent

Wavelets

— sinusoidal basis functions

— localized in both space and frequency

— mutually orthogonal

— applicable mainly when the input lives on a regular lattice

e successive time points in a temporal sequence

* image pixels

. Lagoudakis

TUC ECE, Machine Learning, Spring 2023
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Sum-of-Squares Error Function

t Oln

1N
_52 £}
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Fitting a 3" Order Polynomial

M=3

1k _ wy 0.31

ws | -25.43

ol w3 17.37
—1F
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Likelihood

 Observations

— assume deterministic function with added Gaussian noise
t=y(x,w)+€  where p(e|lB) = N (€|0, B_l)

p(tlx, w, B) = N(tly(x,w),7)

* Given
— observed inputs X = {x1,...,xn}
— observed targets  t=[t1,...,tn]"
— basis functions  y(x,w) = w' ¢(x)

* Likelihood
p(t|X,w,3) = HN (tn|l W (xy), 8 1)
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Log Likelihood

— taking the logarithm, we get

N
np(tiw, 8) = 3 N (W' p(xn), 57
n=1

In ((27T611)1/2 exp {_ (tn, — ggﬂ(}{n))z })

Inpg — gln(%r) — BEp(w)

|
M-

S

— where

ED(W) — % Z{tn _ WT¢(XH)}2

— is the sum-of-squares error

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 16



Maximization for w

— setting the gradient to zero
N
Vwlnp(tlw, 8) =8> {tn —w ¢(xn)} d(xn)" =0
n=1

— solving for w

X The Moore-PenroseT
' —1 ' pseudo-inverse, P
WL = (@ch) 3Tt

— design matrix

/%(Xl) P1(x1) - ¢M—1(X1)\
do(x2)  P1(x2) - dm—1(x2)

$ —

\Cbo(;CN) ¢1(;<N) Ci’M—l.(XN)/
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Maximization for the Bias

— maximizing with respect to the bias, w,, alone

M-—1

Z{t — wy — Z w;di(xn)}

— setting the derivative to zero and solving for w,
M—-1

wy = f— ijgb_J
L= 1

N M— | N
= ﬁ; z_: N;%(X

— difference between the average of the target values and the
weighted sum of the averages of the basis function values
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Maximization for 3

— maximizing with respect to

Vilnptiw,8) = V, (g In 3 — %m(%) _ 5ED(WML))
= % — Ep(wwmL)
N

= — — — Z{ n — WML(b(Xn)}

N 1
St~ Wl =0
20mML 2 nZ:l ML
, N
/BML — N Z WML¢ Xn)}2
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Predictive Distribution

p(tlz, war, Sun) = N (tly(z, war), Byt,)

0 e 1
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Geometry of Least Squares

Consider
y=®wnL = @1, -+, @0 WML
yESQ{ te T S

T\ N-dimensional t

M-dimensional

Sis spanned by ¥ ¥M r1 y

w1, minimizes the distance
between t and its orthogonal
projectionon S, i.e.y
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~Sequential Learnin
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Sequential Learning

* Sequentiality
— data items considered one at a time (online learning)
* Approach
— use stochastic (sequential) gradient descent (with error )
w™) - w() _ NVwEn
— for the sum-of-squares error function
WD = W (b, = WO TR(x,) ) B(x)
— known as the least-mean-squares (LMS) algorithm

* |Issues
— iterations? convergence? how to choose "?
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Regularized Least Squares

* Regularized error function
Ep(w) + AEw (w)

Data term + Regularization term

e Squared error
— sum-of-squares error function
— quadratic regularizer (weight decay)

1 N A\ A is called the
5 Z{tn — WT¢(Xn)}2 + §WTW regularization
o coefficient

e Least squares solution
T —1 T
— ()\I+ P <1>) Pt
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General Regularizer

| N
5275 —wip(x,)} + Z\wj]q

A e
NN

Lasso Quadratic
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Lasso Sparsity

(THIN w2 a

O

£
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Multi-Dimensional Output

* lIsotropic Gaussian in K dimensions
p(tlx, W, 8) = N(tly(x, W), 37'T)
* Given
— observed inputs X = {x1,...,xn}
— observed targets T = [ti,...,tn]"
— basis functions  y(x, W) = Wh¢(x)
* Log likelihood function

np(TIX,W,8) = > WN(t,|W (x,), 37'T)

n=1

NK (B\ B
= " (%) 52t - W) ||
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Multi-Dimensional Maximum Likelihood

* Maximization for W
W, = (@T@)_l 7T
* Single target variable ¢,
Wy = (@T@)_l 3", = o'ty
te = [t tnve] s

* Observations
— the solution decouples between the different target variables
— similarly, for general Gaussian noise distributions

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 30
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Today

 Bias-Variance
* Decomposition

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 2
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Decision Theory for Regression

* Inference Step
— determine p(x,t)

* Decision Step
— for any given x, make optimal prediction y(x)

* Loss
— loss function L(t,y(x))

* Expected Loss

E[L] = // L(t,y(x))p(x,t)dxdt

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 4



Regression Function
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The Squared Loss Function

— / {y(x) — t}?p(x, t) dx dt

— algebraic manipulation of the square

{y(x) — t}* = {y(x) — Eft)x] + E[t|x] — t}*
= {y(x) —Eftx]}” + 2{y(x) — E[t|x]HE[t|x] —t} + {E[t|]x] —¢}"

— substituting back and integrating over t (cross-term vanishes)

f{y t|x} p(x )dX—|—/VaI' t]x] p(x) dx
— only the first term depends on y(x); for minimization of loss:

y(x) = E[t[x]

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 6



The Squared Loss Function

_ / [y(x) — 1)?p(x, t) dx dt

{y(x) — 17 = {y(x) - Eft|]x] + E[t|x] -t}
= {y(x) — E[t[x]}* + 2{y(x) — E[t|x]HE[t[x] - t} + {E[t|x] - t}*

/{y E[t|x]}? p(x )dx+f (E[t|x] — t}?p(x,t) dx dt

V.

dependent on predlctlon independent from prediction
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A Closer Look

* Expected Squared Loss

f{y x)} p(x dx+//{h —t}2 (x, t)dxdt

h(x) = E[t|x] = /tp(t|x) dt

——,
— The second term of [&[L| corresponds to the noise inherent
in the random variable ¢, is independent of y(x), and
represents the minimum achievable expected loss value

— h(x) is the optimal prediction (the conditional expectation)
— What about the first term?

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 8



Expectation over Multiple Data Sets

— suppose we were given multiple data sets, each of size [V
— any particular data set, D, gives a particular function y(x;D)
— let’s expand the integrand in the first term
{y(x;D) - h(x)}?
= {y(x;D) - Eply(x; D)] + Ep[y(x; D)] - h(x)}?
= {y(x; D) = Ep[y(x; D)]}* + {Eply(x; D)] — h(x)}?
+2{y(x; D) — Eply(x; D)|H{Ep[y(x; D)] — h(x)}

— taking the expectation over D, the last term vanishes

Ep [{y(x; D) — h(x)}?]
= {Eply(x;D)] - h(x)}* +Ep [{y(x; D) — Eply(x; D)]}’]

>y

N
w "

(bias)? variance

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 9
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The Bias-Variance Decomposition

expected loss = (bias)? + variance + noise

ins)? = [ {Eply(x D))~ hx)}p(x) dx
variance = /IED {y(x; D) — Eply(x; D)]}?] p(x) dx

noise = / {h(x) — t}°p(x,t) dxdt
— bias: difference of average prediction over all data sets from best

— variance: variability of individual set predictions around average

* Trade-off A between bias and variance
— flexible models: low bias and high variance
— rigid models: high bias and low variance

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 11



Bias-Variance Example (rigid)

— 100 data sets from h(x)=sin(2rnx) with 25 data points each
— model: 25 basis functions (24 Gaussian + 1 bias)
— varying the degree of regularization A: rigid model

InA=26

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 12



Bias-Variance Example (balanced)

— 100 data sets from h(x)=sin(2rnx) with 25 data points each

— model: 25 basis functions (24 Gaussian + 1 bias)

— varying the degree of regularization A: balanced model

O
<SR
NN
S/

M. G. Lagoudakis

TUC ECE, Machine Learning, Spring 2023
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Bias-Variance Example (flexible)

— 100 data sets from h(x)=sin(2rnx) with 25 data points each
— model: 25 basis functions (24 Gaussian + 1 bias)
— varying the degree of regularization \: flexible model

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 14



The Bias-Variance Trade-off

N
L 1
1 (bias)? = — > {G(xn) — hlzn)}’
= 2> 1" @) v 2,
| L .
variance = ﬁz Z D (2,) = Y(2n))
*over-regularized model 0.15 ' by ' '
ias
~large A 0.12 variance
—high bias (bias)” + variance
—low variance 0.09 test error

‘under-regularized model .|
—small A

—low bias 0.03 ¢
—high variance

k

0
—3 2

In A
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15
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Today

* Bayesian Probability
— frequentist vs. Bayesian
— ML Gaussian density estimation
— ML polynomial curve fitting
— Bayesian polynomial curve fitting

* Bayesian Linear Regression
— Gaussian prior

— Bayesian linear regression example
— Bayesian linear regression predictive distribution

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 2
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Towards Bayesian Probability

* Frequentist probability
— frequencies of random, repeatable events

* Considerations
— can we reason about rare, non-repeatable events?
— example: will the Arctic ice cap disappear in 1000 years?
— what if we have some idea about the rate of ice melting?
— what if this knowledge is revised after 100 years?
— need to quantify uncertainty
— need to make revisions in light of new evidence
* Bayesian probability
— quantification and revision of uncertainty

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 4



Bayesian Thinking

Apples and Oranges

— blue box most likely chosen, before looking at fruit (prior)
— red box most likely chosen, after picking an orange (posterior)

posterior o likelihood % prior

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 5



Bayesian Thinking

Polynomial Curve Fitting

0 I
— what if we start with a belief about w? (prior)

— what if we update our belief, after given the data? (posterior)

_ p(Dlw)p(w)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 6
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Likelihood Function
p(D|w)

* Likelihood function
— how like are some data D, given the parameters w
— not a probability distribution over w!

* Frequentist view
— w is a fixed parameter, whose value is estimated
— uncertainty as error bars from possible data sets D

* Bayesian view
— the observed data set D is the most probable data set
— uncertainty as a probability distribution over w

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7



Frequentists vs. Bayesians

* Frequentist approach

— maximum likelihood estimator for maximizing likelihood of data

— or minimizing error function (negative log of the likelihood)
— bootstrap method for variability in parameter estimation
— predictions may be misled (e.g. three coin tosses, all heads)

* Bayesian approach
— makes smoother predictions (e.g. three coin tosses, all heads)
— incorporates knowledge in the prior (truth or convenience?)
— reducing dependence on the prior (non-informative priors)
— difficulty: marginalization over the entire parameter space
— recent advancement: sampling/approximation methods
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Gaussian Parameter Estimation

4

X: set of i.i.d. data
p(x)

N(.Sl?n“l,, 02)

P a:

N
Likelihood function p(x|p, 0?) = H N (xnlp, o?)
n=1
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Maximum (Log) Likelihood

* Likelihood

1 1
plxlu.o° HN (@l ®) N (alio?) = s exp { 5o
* Log likelihood
N
Inp (x|p,0%) = —% Z(mn — 1)? — glnaz — %111(27?)

— differentiate with respect to 4 and o and set to 0 for maximum

1 N
HML = =7 E T O3, = — Z — pvn)?
n=1
the sample mean the sample variance
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Properties of un\1,and o 1%/[L

Elpme] =

Bl (NN )

~ N
2 N oo
N
1 2
— m (5Un — M\/IL)

n=1

Unbiased variance estimate
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Curve Fitting Re-visited
A

t
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ML Curve Fitting

* Likelihood N
p(t|wiv/6) — H N (tn‘y(l’n,W),ﬁ_l)

n=1
* Log likelihood
RS ) N N
Inp(t|x,w, ) = 2 g (Tp, W) —tp}" + 5 In 3 5 In(2m)
BE(w)

Determine WML by minimizing sum-of-squares error, E(w)
Replace WML and determine O,

: 1
WML — arg;mnE(w) m = N Z {y(@"mWML) - tn}z
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Predictive Distribution

p(tlz, war, Sun) = N (tly(z, war), Byt,)

0 e 1
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MAP: A Step towards Bayes

Prior
p(wla) = N(w(0.07'1) = () exp {2t
Likelihood N
t\xwﬁzH (tuly(@n, w), 571)
Posterior -

p(wx, t, a, B) o p(t|x, w, B)p(w|«)

Maximum posterior
— equivalently, minimize the negative log of the posterior

BE(w ﬁZ{y (T, W) =t} + = oW W

Determine WMAP by minimizing the regularized sum-of-squares error, E(w)

. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15



Bayesian Curve Fitting

Given: points x, targets t Goal: predict t at point x

Sum out w (to avoid a point estimate) for a fully Bayesian treatment

pltle.x.t.0.8) = [ pltlo.w. Blp(wix,t..B) dw = A7 (tfm(). *(@)

The predictive distribution is Gaussian and can be found analytically

m(z) = Bp(x)'S ) | Pp(an)tn $*(x) = B + p(x)"Sp(x)

N
S—1 = OzI—F,BZ(b(CUn)Cb(-Tn)T Qb(xn) — (xga'--ang)T
n=1

Both the mean and the variance depend in the query point «
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Bayesian Predictive Distribution
p(tlz, x, t, a, 3) :N(t\m(x),SZ(x))

M —
a=>5x10"3
g =11.1

0 |
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Bayesian Linear Regression (general)

* Conjugate prior over w
p(w) = N(w|myg, So)

* Likelihood N
pA[X,w,B) = | [ N(tu|W  (xn), 37") = N(t|®w, 57'T)
n=1
* Posterior
p(w|t) = N(w|mp,Sn) my = Sy (Sglmo + B@Tt)

Sy = Syl +pele

* Reminder: Bayes’ Theorem for Gaussians
N(ylAp+b, L' + AATTAT)
N(x[Z{ATL(y —b) + Au}, %)
(A+A'LA)!

p(y)
p(x]y)
3

p(x) = N(x|p, A7)
p(ylx) = N(y\Ax—Fb,L_l)
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Bayesian Linear Regression (specific)

* Common conjugate prior over w
p(w) = N(w|0,a™'T)

* Likelihood N
pA[X,w,B) = | [ N(tu|W  (xn), 37") = N(t|®w, 57'T)
n=1
e Posterior
p(w|t) = N(w|mpy,Sy) my = (Sy®'t
Sy = oI+ p3e'®
e Reminder: General case
p(W\t):N(W\mN,SN) my = Sy (Salmo-l-B(I)Tt)
Syt = S, +pe'e
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Bayesian Linear Regression Example

y(z,w) = wo +wi T
0 data points observed t; = —0.3 + 0.5z; + N(0,0.2)

Prior Data Space
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Bayesian Linear Regression Example

1 data point observed

Likelihood Posterior Data Space
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Bayesian Linear Regression Example

2 data points observed

Likelihood Posterior Data Space
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Bayesian Linear Regression Example

20 data points observed

Likelihood Posterior Data Space
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likelihood 4 prior/posterior 3 data space
> 0
= 0 1
g o 1
o) Q. “ 5
(-
- =
M @© 21 : 1
S o X :
o c W
S S g =
S e — 3 0 1 -1 0 1 T 0 1
o © 2
L un
ofd Q
O >
C ®© @
< 0 X
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Predictive Distribution

* Goal
— predict ¢t for new values of x by integrating over w

ptix.t,a,f) = / p(t}x, w, B)p(wlt, o, B) dw
= Nty (), 0% (%)

p(tlx, w, 8) = N(tly(x,w), ") p(wlt,a, 5) = N(w|my,Sy)

y(x,w) = w' p(x) my = [Sy®'t
Sy, = al+p®'®

un(x) = y(x,my) = mEp(x)  o%(x) = %  p(x)TSyp(x)
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Predictive Distribution Example

— sinusoidal data, 9 Gaussian basis functions, 1 data point
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Predictive Distribution Example

— sinusoidal data, 9 Gaussian basis functions, 2 data points
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Predictive Distribution Example

— sinusoidal data, 9 Gaussian basis functions, 4 data points
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Predictive Distribution Example

— sinusoidal data, 9 Gaussian basis functions, 25 data points
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Today

* Bayesian Model Comparison
— model evidence
— model trade-off

* The Evidence Approximation

— maximization of the evidence function
— effective number of parameters
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- Bayesian Model Comparison
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Model Comparison

* Question
— how to choose the right model for training?
— polynomial? Gaussian? sigmoidal? order? number?

* Considerations
— overfitting vs. generalization, bias vs. variance

* Classical Approach
— cross-validation: multiple runs with different subsets of data

e Alternative Approach
— marginalization over model parameters
— avoids point estimates of model parameters
— avoids multiple runs; models compared directly on the data
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Bayesian Model Comparison

* Question
— how do we choose the right model?

* Problem
— compare models M., 1=1, ..., L, using data set D
p(M;|D) o< p(M;)p(D|M;)

Posterior Prior model evidence or
marginal likelihood

— Bayes factor: ratio of model evidence for two models
p(D|M;)
p(DIM;)
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Bayesian Model Comparison

* Predictive distribution
— having computed the posterior p(M;|D), ...
— ... we can compute the predictive (mixture) distribution

L
p(t}x,D) = > p(t|x, M;, D)p(M;|D)
i=1
* Simple approximation
— known as model selection
— simply use the model with the highest posterior
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Model Evidence

* Model evidence
— given a model with parameters w, ...

— ... we get the model evidence by marginalizing over w
p(DIM:) = [ p(Dlw, Mip(w| M) dw

T

e Observation

— the model evidence is the normalizer in Bayes posterior
p(Dlw, M;)p(w|M,)
p(DIM;)

p(w|D, M;) =

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7



Approximating the Posterior

For a given model with a
smgl-e parameter, w, AWposterior
consider the approximation -~

)
p(D) = ] p(Dlw)p(w) dw

Arwposterior

~  p(Dlwmap) —7 ——
prior

where the prior is assumed f J L \
.

to be flat and the posterior W AD w0
is assumed to be sharply < >
peaked around wyp- Alprior
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Model Trade-Off

* Log Posterior
— taking the logarithm of the approximation

Aw teri
1 D 2] D 1 posterior
1p(D) = Inp(Dlunsar) + In ( 5= )

negative
— first term: fit to the data, given the most probable parameters

— second term: penalty according to model complexity

* Multiple parameters
— for M parameters, having the same ratio Awpesterior/ AWprior

A osterior
Inp(D) ~ Inp(D|wnmap) + M In ( Upost )
Aprrior

I
negative and linear in M
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Trade-Off in Model Evidence

* matching data and model complexity

A

p(D) M,

Dy D

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 10




Bayesian Model Comparison

* Assumption

— the true data distribution is contained in considered models
* Principle

— Bayesian model comparison will favor the correct over others
* Bayes factor

— for a single data set, it may be larger for some incorrect model
— however, the expected Bayes factor will favor the correct one

p(D|M,)

— an example of the Kullback-Leibler (KL) divergence

dD
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Recall: Bayesian Linear Regression

— assuming basis ¢(x) and zero-mean, isotropic prior over w...
— ... the predictive distribution over ¢ for new values of x is

ptix.t,a,f) = / p(t}x, w, B)p(wlt, o, B) dw
= Nty (), 0% (%)

pn(x) =y(x,my) = m%qb(x)

1
o (x) = 3 + ¢(x) Sno(x)
my = (Sy®'t
Sy' = al+p®'®

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 13



The Evidence Approximation

* Fully Bayesian predictive distribution
pt) = [[ [ stthw. Blpwit 0, Sp(a. flt) dw dads

— all parameters marginalized, but the integral is intractable

* Evidence approximation
p(tlt) ~p (t|t, a, E) = fp (t|w,§) D (W|t, Q, E) dw

— where (62, E) is the mode (MAP) of the posterior p(c, 3[t)
— the posterior is assumed to be sharply peaked

— fixed values obtained by maximizing the marginal likelihood
— empirical Bayes, type Il or generalized maximum likelihood
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Maximum Marginal Likelihood

— from Bayes’ theorem
p(a, Blt) o p(t|a, B)p(a, B)
— assume p(a, ) to be flat
plo, Blt) o p(tle, )
— [ slelw. S)p(wla) dw

— using properties of Gaussian integrals
— using linear basis functions

M N 1 N
Inp(t|la, 8) = 71na—|— Elnﬁ — F(my) + §ln|SN| — Eln(%)

— [derivation on the next slide]
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15




Derivation

— manipulate p(tle, ) = /p(t|W,B)p(w|a)dW:/N(t|<I)W,B_1)N(W|O,a_1I)dW

N/2
(%) (%)Mﬂ/exp{—g |t — Pw ||2 —%WTW} dw

— complete the square

Q 1 _
—g |t — dw ||2 —§WTW =—FE(my) — §(W — mN)TSNl(W —my)
E _ B 2 & T T —1 T
(mN)—§ |t — Pmy || Foymymy my =3Sy®'t Sy =al+p3P P

— integrate

pltl.B) = (%)m (55)™" [ exw (=Bl pexp { - (w = my) "S53 w = )  dw

a T 2

— take the logarithm
M N 1 N
Inp(t|a, B) = Elna—l— 7lnﬂ — F(mpy) + §ln|SN| — 5111(27r)

N/2
B ( 3 ) a M/2 e_E(mN)(QW)M/QISN‘l/Q — aM/QBN/Qe—E(mN)’SN‘l/Q(Qﬂ')_N/Q
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Maximum Marginal Likelihood Example

* sinusoidal data, basis functions: Mt degree polynomial
= 5x107°

(87
3 = 11.1 ~18}
N = 10
=20+
In p(t|e, 3)
=22F
s , =24
—©— Training
—6— Test
~26 — ' - ' '
Z 05 0 2 4 6 8
M
0

best model!
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Recall: Polynomial Curve Fitting

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 18



Maximizing the Evidence Function

In p(t|, ) = % Ina + gmﬁ _ E(mp) + %m Syl - gln(%r)

* Maximization (MAP)

— to maximize Inp(t|a, 5) with respect to acand 3, ...

— ... differentiate In p(t|a, 8) w.rt.aand g, ...

— ... and set the results to zero
* Consideration

— define the eigenvector equation (B‘I’T@) u; = A\u;

— then the matrix

A=Sy'=al+30"'®

— has eigenvalues A\, + «
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Maximizing over «

M N 1 N
Inp(t|a, B) = > Ina + 5} Inpg—FE(my) — 5 In|A| — 5} In(27)
p T

87

— differentiate In p(t|a, 8) w.rt. a and set to zero

d d d 1
— In|A| = —1 A = — In(\; —
do n|A| do HH( +a) doazi:n( +a) Z@,:/\i+a
M
d M 1 1 1
— Inp(t -0 — — —-—mx S— =0
do np(tla, ) S 2;)\2-—#04
Mo
T
p— :M— =
NN — Aita K
a = i — au depends on both o and 3
m%mN 7 - o+ A yaep
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Maximizing over (3

M N 1 N
Inp(t|a, B) = > Ina + 5} Inpg—FE(my) — 5 In|A| — 5} In(27)

p T

87
— differentiate In p(t|a, 8) w.rt. Gand set to zero
— the eigenvalues ), are proportional to 3 : (5<1>T<1>) w = \u

d - d o l i 1
d N 1 N 2 y
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Maximizing the Evidence Function

* Iterative maximization
— give arbitrary values to « and 3 and iterate until convergence
— step I: given o and (3, compute yand m

my = 3Sy®'t

A
T ; a4+ A;
— step Il: given y and m, compute o and 3
a = J
m%mN
N

1

Xn))2
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Effective Number of Parameters

7_2054—)\@

Likelihood A < « (ratioin y=0)
l “& w, is not well
WML ﬁl determined by the
° / likelihood
WMAP

A2 > « (ratioin y=1)

ws is well determined
by the likelihood

yis the number of
well determined
parameters
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Bias Correction in the Mean

* Bayesian estimation

1 N excludes the number

1 2
— = (tn, —mpye(x,))" | of effective parameters
p =1 in the normalization!

e ML estimation
1 N
G C {t — Wy, @(x,)}

 Recall: Gaussian varlance estimation

1

— biased ouL, = N (20, — puir)”

1[M]=

n=1

2

— unbiased  oyap = — pir, )

||M2
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Effective Number of Parameters Example

e sinusoidal data, 9 Gaussian basis functions and bias (1/=10)
e G =11.1 (true value)

optimal value
from evidence
approximation

_3 0o 5

In o
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Effective Number of Parameters Example

e sinusoidal data, 9 Gaussian basis functions and bias (1/=10)
e G =11.1 (true value)

Test set error

optimal value
from evidence
approximation

_/

_5 0 '\5

In ov best generalization
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Effective Number of Parameters Example

e sinusoidal data, 9 Gaussian basis functions and bias (1/=10)
3= 11.1 (true value), 0 < o < +oo which impliesthat 0 <y <M

0

8

-
w o N o;

0 2 4 6 8 10
Y
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Evidence Approximation in Practice

* Large data sets
— inthe limit NV > M, y = M because of large eigenvalues

— we can consider using the easy-to-compute approximation

B M
“ = m}\}mN
1 1 & T 2
B - N Z {tn — mNCb(Xn)}
n=1

— no evaluation of the eigenvalue spectrum required
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Limitations of Fixed Basis Functions

* Curse of dimensionality
— M basis functions along each dimension
— a D-dimensional input space requires M? basis functions!

* Considerations
— data typically lie in a non-linear manifold of lower dimension
— targets occasionally depend only on a few input variables

* Question

— can we choose fewer basis functions using the training data?
— can we actively localize the basis functions in input space?
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Today

* Gaussian
— geometry, properties, forms
* Partitioned Gaussian
— conditional and marginal
* Bayes’ Theorem
— for Gaussian variables
* Application
— Bayesian Linear Regression
— Predictive Distribution
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The Gaussian (Normal) Distribution

4
N(z|p,0?)

A

1 1
Nl o) = e { ~gale — )

le
Nl ) = i W) S (x )
M? _ (QTF)D/Q |2|1/2 eXp 2 X IJ’ X I’l’
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Geometry of the Multivariate Gaussian

2 N Ts—1/y, A : the Mahalanobis distance from u to x
A% = (X IJ«) 2 (X ”) D : the number of dimensions, /=1, 2, ..., D
C— ).11. X : symmetric matrix with real eigenvalues .
211@ )\@uz Z
u, : eigenvectors of X (orthonormal basis)
> _ Z \, U : orthogonal matrix, eigenvectors in rows
;U &
P 7 “*1 2‘ u2
v
a Y2
N w
N — A\
i
T
yi = u; (X — p) A2
A2
y=Ux—p)
Uu' =U'Uu=1 > 2
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Properties of the Multivariate Gaussian

new coordinate system Y — U(x —p) X =M+ UTY Ti = i + UiTy
P D

Jacobian matrix J Jij = 8% — U;g J=Uutl |J=1 ‘2|1/2 — l /\}/2
Yj j:‘i

1 1 1
in the old coordinates  P(X) = (27T)D/2 |2’1/2 exp {—§(X — M)Tz_l(x — p,)}

Do y3
in the new coordinates ply) =px)|J| = J:;":"i (27T)\j)1/2 exP {ﬁ}

2
y.
normalized distribution / )dy = 31_[1/_ 27)\ 172 &P {ﬁ} dy; =1
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Moments of the Multivariate Gaussian

1 1 1 N
Elx] = L |2|1/2/exp{—§(x—u) 3 (x—u)}xdx
1 1 - ; (2= x— )
= G PRER exXp | — 52 z o (z+ p)dz Z=X—
Elx] = (thanks to anti-symmetry of z, the z-term vanishes)
Epxx!] = — —22"S 2 2+ p)(z + )" d
xx'] = PEESE exXp | —5Z z+p)(z+p) dz
(the t\évo z-terms vanish) (%;D . |2|11 . / Xp{_%g} iz  (the zz'-term)
the -term is constant D2
( ﬂ” ) = o) D/2|El/22;uu /exp{;;ﬁ}yz%dy
Z:: 3 2% = ;yjuj - ;yi“i - Zuiu?)\i -»  (the y;y;-terms vanish, unless i=])
Elxx'] = pp' + 3 covlx] =E [(x —E[x))(x —E[x])'] ==
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Forms of the Multivariate Gaussian

— Dinu and D(D+1)/2 in X, a total of D(D+3)/2 parameters
— many parameters for large D and still unimodal

* Diagonal X

— Dinuand D in X = diag(o:?), a total of 2D parameters

* |sotropic X

— Dinuand 1in X = 0?l, a total of D+1 parameters

5132‘

@

>

X1

CBQ‘

>

X1

CBQ‘

T
- 1

M. G. Lagoudakis
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Partitioned Gaussian Distributions

— if two sets of variables are jointly Gaussian ...
— ... S0 is the conditional distribution of one on the other
— ... S0 is the marginal distribution of either set

1 1 1 .
joint set - p(x) = N (x|p, B) = 5 557 157 eXP {_E(X — ) BT (x - u)}

> >
weennsx= () e () (G S

(E=3 — (B =32 ) and (Zpy = BY) and (Zpe = )

A‘CLCL A‘CL
precision matrix A=X"1 A = ( b)

(A=A") — (A=A} ) and (Ay, = A}) and (A, = A),)
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 11




Exponent of the Gaussian

completing the square!

1

—§(X—N)T2_1(X—
1 T —1
(X =) BT (x -
1
2nd order x,:... — —Xa A,.x,...
2 T~
o1

alb

D

1st order

2nd order constant
1 T
— _i(xa — I"’a) AGG(XG I‘l’a)

1

_§(Xa — ﬂa)TAab(Xb — )
1

—5 (%6 — 1) Ava(Xa — f1,)
1

—§(Xb - Hb)TAbb(Xb — W)

M. G. Lagoudakis
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Partitioned Conditional Gaussian

1 1 1 _
p(XCL|Xb) - N(Xa|“a|b7 Ealb) — (QW)M/Q ’Ea|b|1/2 eXp {_§(XQ - ”alb)Tza‘i(Xa - I‘l’alb)}

Sap = Ava = Baa — ZaEp' ha
Falp = Yap {Aaattq — Aab(xs — py)}
= g — Ay Aap (X — )
= po+ ZaZy (xp — )

Eaa Eab ! B A(La Aab Aaa — (Eaa - Eabz&lzba)_l
Xba b -\ A Ay Ay = —(Boa—ZanZ, o) ' Z0X,,)
—1
A B _ M ~MBD™! (Schur complement)
C D -D-'CM D !'!+D'CMBD! M = (A — BD—lc)—l

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 13



Exponent of the Gaussian (again)

completing the square!

—%(X—M)Tz_l(x—ﬂ) = -3 @W?&——MTE 5

1st order

2nd order constant
—%(X —p)'ET (x—p) = —%(Xa — o) Aua(Xa — pg)
50— 1) A0 — 1)
o — 1) a0 — 1)
0 — 1) A 0 — 1)
2nd order x;:... — %Xgﬂxb ... st order xp:...x} (Abbub — Apa(Xq — p,a))
2 ) Elﬂi"bm ”
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Partitioned Marginal Gaussian

p(xq) = /p(xa, xp) dxp (aim to integrate out x,)
1 ,
_angbeb +x (Abbub — Apa(xq — Ma)) (terms with x,)
1
= _ibeAbeb —+ bem m = Apppty, — Aba(xa — Ma)
1 1 1
= —§XEAbeb -+ ixgm + imeb
1 T T —1 1 T A —1 1 T A —1 1 T A —1
= —§Xb Abbxb -+ §Xb AbbAbb m + im Abb Abbxb — §III Abb m + §m Abb 1m
1 _ _ _ 1 _
= —5 ( bTAbeb — XbTAbbAbblm — mTAbblAbeb + mTAbblm) + §mTAbb1m

1 1T 1 (still have to consider this,
- _§(Xb = Ay, m) " Agp (X — Ay m) depends only on x , not x,)

1 (unnormalized Gaussian, integral
/eXp {Q(Xb — Ay'm) " Ay (xp — A&)lm)} dx,  independent of the mean and thus of x ,
evaluates to the reciprocal of the normalizer)
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Partitioned Marginal Gaussian

B o 1 1 e
p(Xa) _ /p(Xa,Xb) de _ (27_(_)]\/[/2 ‘Ea|1/2 CXp {E(Xa o I"’a) Ea (XCL o I’l’a)}
1
§mTAb_b1m m = Ay, — Apo(Xa — 11,) (from previous page)

completing the square now for x |

1 _
B) [Abeb — Apa(xq — Na)]T Abbl [Abbﬂb - Aba(xa - .Ua)]
1

—§xaTAaaxa, + %) (Agapr, + Agppry) + const (+ other terms with x )
1 _ nd
— —§XE(AM — Ay Ape)X, (2"? order term of x )
—I—XE(A(M — AabAb_blAba) W, + const (1%t order term of x )
Ea — (Aaa — AabAb_blAba)_lz Zaa, ZG(ACLCL — AabAb_blAbaJ)”a = K,
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Partitioned Gaussians Summary

Given a joint Gaussian distribution N (x|, X) with A = X' and

_ Xa — u’a
() e ()

zaa Eab Aaa Aab
2 — A_ —
(Eba Ebb) ’ (Aba Abb)
Conditional distribution:

p(Xalxp) = Nattap: Agq)
Haop — Hgq— A;alAab(Xb - )u’b)'

Marginal distribution:
p(Xa) = N (Xa|ttg: Baa)-
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Partitioned Gaussians Example

1 - 10

Tp A
p(xqlzy = 0.7)

0.5¢

0 0.5 ., 10 0.5 z, 1
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Linear Gaussian Model

° @Given
p(x) = N (x|p, A7)
p(ylx) = N(y|Ax—|—b,L_1)

— M-dimensional x and D-dimensional y
— A'is a DxM matrix and b is D-dimensional

* Goal
— find the marginal distribution p(y)
— find the conditional distribution p(x|y)
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Joint Distribution

Inp(z) = Inp(x)+np(y/x)
= ——(x-w'Alx-—p) - %(y — Ax —b)'L(y — Ax — b) + constant

quadratic function of the components of z, hence p(z) is Gaussian

recall “completing the square”!

1 1 1
—SE-p)IETx ) = X DT x4 D po o B

A o A

o~ 1st ord o~
2nd order st ordet constant
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Covariance of the Joint Distribution

Inp(z) = Inp(x)+np(y/x)
1 1
= _§(X — W) A(x —p) — §(y — Ax —b)'L(y — Ax — b) + constant

considering the second-order terms

1 1 1 1
—§XT(A + ATLA)x — 5yTLy — §yTLAx + §XTATLy

_ _1(x\ (A+ATLA -ATL) (x\_ 1.,
- 2 \y ~LA L )\y) 2"

A+ATLA —ATL _po1_ [ AT ATIAT
R_( LA L ) covlz] = R _(AA‘l L'+ AA AT

A B\ M ~MBD"! L
C D “\-D'CcM D '!+D !CMBD! M= (A-BD C)
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Mean of the Joint Distribution

In p(z)

Inp(x) + Inp(y|x)
%(X — ) PA(x — ) — %(y — Ax —b)'L(y — Ax — b) + constant

considering the first-order terms

T
T LT AT T o X A[.L—ATLb
X Ap—x" A"Lb+y Lb_(y) ( Lb

E[z] = R (A“ —L{}TL'D)
SRR
B o Ap+Db
R™ = (ﬁz\-l L_lf—Ai‘lA'I)
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Recall: Partitioned Gaussians

Given a joint Gaussian distribution N (x|, X) with A = X" and

— Xa — u’a
() =)

Ea,a, Eab Aaa Aa.b
E — A —
(Eba Ebb) ’ (Aba Abb)

Conditional distribution:

p(xalxp) = N(xdttap: Ags)
Haolp — Mg — Ac:alAab(Xb - I—"b)

Marginal distribution:

P(xq) = N(Xa|l~4av Yaa)-
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Marginal and Conditional

[ x a o (A ATTAT
2= ( y ) Elz] = (Ap,+b) covz] =R = (A 1L 1+AA‘1AT>
A+ ATLA ATL
~LA

now, apply the results for partitioned Gaussians

Ely] = Apu+b
covly] = L'+ AA'AT
Exly] = (A+A'LA)"'{A'L(y —b) + Ap}
covixly] = (A+A'LA)™!
Z:x|y - R;i = (A + ATLA)_l Hx|y = Hx — R;:%RXY(Y - ’J’y) —H— (A + ATLA)_l(_ATL)(y - AH' - b)

=(A+A'LA) " {(A+A"LA)u ~ A'LAp + A'L(y - b)} = (A+ A'LA) ' {Ap + A'L(y - b)}
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Bayes’ Theorem for Gaussian Variables

p(x,y) = p(y|x)p(x) = p(x|y)p(y)

* Given
p(x) = N (x|p, A7)
p(ylx) = N(y\Ax—l—b,L_l)
* we have
p(y) = N(y[Ap+b,L7'+AATAY)
p(xly) = NEEZ{A'L(y —b)+ Au}, )
* where

>»=(A+A'LA)!
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Bayesian Linear Regression

* Conjugate prior over parameters w
p(w) = N(w|myp, Sp)
* Data {x,1t.} Likelihood
p(t|w) = H/\u wTe 1 = N(t|®w, 57

* Find posterior
p(wlt) o< p(t|w)p(w)

* Reminder: Bayes’ Theorem for Gaussians
p(x,y) = p(x|y)p(y) = p(y[x)p(x)

B B ply) = N(y|Ap+b,L7'+AAT'AT)
p(x) - x( \Z,A QL_I {p(xm — N(xm{ATL(y—bHAu},z)}
plylx) = N(y|Ax+Db,L™) S=(A+A"LA)!
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Bayesian Linear Regression (apply)

p(w) = N (w|myg, So) p(wlt) o< p(t|w)p(w)
N (t|@w, )

N (w\z {(I)T(ﬁ_ll)_l(t —0)+ Sglmo} ,z:)

N

(w\(sgl + 30 ®)! {B@Tt n Sglmo} (St 4 5‘I)T<I>)_1)

p(tjw) =

p(wlt)

= (Sgl+@ (B ) @) =(S;l+ et e) !

* Reminder: Bayes’ Theorem for Gaussians

p(x,y) = p(x|y)p(y) = p(¥|x)p(x)

N(X“J,,A_l)
N (y|Ax + b, L_l)

N(y|Ap+b, L7t + AATIAT)
N(x[Z{ATL(y — b) + Au}, 3) ]
(A+A'LA)!

p(y)
[ p(x]y)

p(x)
p(y[x)

by
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Bayesian Linear Regression (result)

* Conjugate prior over parameters w

p(w) = N(w|myp, Sp)
* Data {x,1t.} Likelihood

p(t|w) = HN nwh 1) = N(t|@w, 57'T)
* Find posterior

p(wlt) o< p(t|jw)p(w)
* Result

p(wlt) = NV(w|my, Sy) my = Sy (sglmo + B@Tt)
Syt = S;l+p8e'e
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Bayesian Linear Regression (specific)

* Conjugate prior over parameters w

p(w) = N(w|0,a™'T)
* Data {x,1t.} Likelihood

p(t|w) = HN nwh 1) = N(t|@w, 57'T)
* Find posterior

p(wlt) o< p(t|w)p(w)

° Result

p(w|t):N(W|mNaSN) mpy = ,6SN(I)Tt
Sy = ol+p38'®
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Predictive Distribution

* Conjugate prior over parameters w
p(w) = N(w|0,a™'T)
* Data {x,1t.} Likelihood
p(t|w) = H/\u wTe 1 = N(t|®w, 57

* Posterior o
my = N t

wlt) = N(w|mp, S

* Predictive Distribution

pltlt. x) = ] pltlw, x)p(wlt) dw = / N (t(x)Tw, B~ N (wlmy, Sx) dw
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Predictive Distribution (apply)

p(w) = N'(w]0, %‘11)
my = (ASyP®P't
p(tlw,x) = N(t|p(x) " w, 571 Sy = al+p@ @

p(wlt) = N(w|my, Sy)

p(tit,x) = /thbx “HN(wimpy, Sy) dw

= N (tlp(x)Tmy, 87" + ¢(x) TSy o (x))
= N (Ho(x)TBSxn ", 57 + p(x)T (ol + 2T @) p(x))

* Reminder: Bayes’ Theorem for Gaussians
p(x,y) = p(x|y)p(y) = p(y|x)p(x) [p(y) = f py|x)p(x) dx J
L )

A (<l A1) (y) N(y|Ap+b, L7 + AATAT

X b,

v ‘Z - p(xly) = N(Z{ATL(y —b)+ Apu}, %)
(v|Ax+b,L7) S =(A+ATLA)"!

p(x)
p(y[x)
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Predictive Distribution (result)

* Conjugate prior over parameters w
p(w) = N(w|0,a™'T)
* Data {x,1t.} Likelihood
p(t|w) = HN nwh 1) = N(t|@w, 57'T)

* Posterior o
my = N t

wlt) = N(w|mp, S
p(wlt) (wimu, Sw) SI_Vl = OzI-I-ﬁ‘I)Té[)

* Predictive Distribution
p(tlt,x) = /p(t\wjx)p(w\t) dw = /N(t]qb(X)TW,B1)N(WmN,SN)dW
= N (tlop(x) ' my, 57" + ¢(x) 'Snd(x)) = N (tlun(x), o (x))
pn(x) = d(x) ' my o} (x) = 87" + ¢(x) ' Sno(x)
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Today

* Classification

— linear models for classification

* Linear Discriminant Functions
— two classes
— multiple classes
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Classification

* Classification
— assign input vector x to one of K discrete classes (C,, C,, ...,C;)
— the input space is partitioned in decision regions ...
— ... defined by the decision boundaries or decision surfaces

* Notation

— input: D-dimensional vector x

— output (2 classes): binary variable t

— output (K classes): K-dimensional vector t (1-of-K coding)
* Linear classification

— decision surfaces are linear functions of the input vector x

— (D-1)-dimensional hyperplanes in D-dimensional input space
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Linear Models for Classification

e Generalized linear model

y(x) = f(Wx + wo)
— f( ) is a non-linear activation function, typical range: [0,1]

— non-linear in the parameters due to the activation function
— decision surfaces (linear in the input): w'x + wy = constant

* Features of the input

y(x) = f(w'd(x) +wo)
— ¢( ) is a vector of (non-linear) basis functions (features)

— decision surfaces are now non-linear in the input
— decision surfaces are still linear in the features/parameters

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 5




Inference and Decision

* Inference
— Input x, target t
— determine either p(x,t) or p(t|x)
— example: probability of cancer, given an x-ray image
* Decision
— for given x, determine optimal decision based on predicted t
— example: give cancer treatment, given an x-ray image
— the decision step is easy, if we have solved the inference step

* Example: Classification Rule
— decision region R, over x _ p(x[Ck)p(Ck)
_ o p(Ck|x) =
— corresponding to class C, (decision) p(x)
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Minimum Misclassification Rate

7 3

8)

C* = arg mgxp(x, Cr)

p(x,Cr) = p(Cr|x)p(x)

C* = arg m’?xp(ck %)

Choose the class
> with the highest
posterior probability

p(mistake) = p(X c Rl,CQ) +p(x € Ro, Cl)

— /Rlp(X,Cz)dxﬂL/ p(x,C1) dx.

Ra
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Minimum Expected Loss

* Loss Function L, Decision
J cancer normal
— associates decisions with costs © cancer 0 1000
— depends on decision and truth £ normal ( 1 0 )

 Minimum Expected Loss
— expected cost due to mistakes

E[L] = ZZ/R.ijp(x,ck)dx

— choose regions that minimize the expected loss

* Decision
— choose class that minimizes loss ~ C* = argmin »  Ly;p(Cp|x)
J
k
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Reject Option

b o)

1.0
9 ________ \ ________________

0.0

reject region
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Classification Decision Problem

* Approach I: generative models
— determine the class-conditional densities p(x|C,)
— infer the posterior class probabilities p(C, | x) (through Bayes)
— use decision theory to make decision

* Approach lI: discriminative models
— determine the posterior class probabilities p(C,|x)
— use decision theory to make decision

* Approach lll: discriminant functions

— determine a function that maps inputs to classes directly
— use the discriminant function to make decision
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Pros and Cons

* Approach I: generative models
— pros: can be used to generate synthetic data
— cons: solves a much bigger problem, quite demanding
— pros: can be used for outlier/novelty detection

* Approach ll: discriminative models
— pros: makes no waste of resources, avoids complex models
— cons: solves a slightly bigger problem

* Approach lll: discriminant functions

— pros: a single (learning) problem
— pros (cons?): may not use probabilities at all!
— cons: black-box approach, provides no intuition
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p(x|C,) vs. p(C, |x) vs. X"

p(a?|C2)

4t
w
[(b]
= 3t
[7)]
c
(b}
©
3
-
[&]

p(z|Cy)
1 B
0 . L .
0 0.2 04 0.6 0.8

1.2

0.8}

0.6

0.4

0.2}

p(Cilz)

M. G. Lagoudakis
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Separating Inference and Decision

* Minimizing risk
— loss matrix may change over time
— changes can be easily introduced in the minimum risk criterion
Reject option
— posterior probabilities allow for a rejection criterion
* Unbalanced class priors
— posterior probabilities can be transformed to other populations
* Combining models
— split the problem, solve separately, model for each sub-problem

— combine sub-models using probability theory to solve problem
— exploit conditional independence
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Linear Discriminants

* Linear discriminant function

y(x) = w'x + wo

— w is the weight (parameter) vector

— w, is the bias parameter (its negative is the threshold)

* Binary classification decision

— choose class C,, if y(x) = 0; choose class C,, otherwise

e Decision surface
y(x) =0 wix+wy=0

— w defines orientation: y(x4) =y(xp) =0 = w' (x4 —xp5) =0

— w, defines location:  y(x)=0 = = —
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Linear Discriminant Geometry
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Multiple Classes

* One-versus-the-rest
— K-1 binary discriminant functions
— one for each of the first K-1 classes (within or outside class)
— assign to last class, if not assigned to any of the previous K-1
— problem: some regions may be ambiguously classified

* One-versus-one
— K(K-1)/2 binary discriminant functions
— one for each pair of classes (competitive comparison)
— assign according to a majority vote amongst the discriminants
— problem: some regions may be ambiguously classified
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Three Classes Examples
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K-Class Discriminant Function

* K linear discriminant functions
Yr(X) = WEX + Wk
— 1-of-K binary coding scheme
* Classification decision
— assign input x to class C,, if yr(x) > y;(x), Vj #k
* Decision boundaries
— boundary between classes C,and C;: yx(x) = y;(x)
— (D-1)-dimensional hyperplane (wi — w;) x + (wko — wjo) = 0
— singly connected and convex decision regions

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 19



Decision Regions

Yk(X) = Ayr(xa) + (1 — ANyr(xs)

yk(X) > yi(X), Vj #k

X € Ry
A X ye(xa) > y;(xa), Vj #k
X=Axa+(1-XNxg 0<A<1 ye(xB) > y;(xB), Vj #k
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Today

* Linear Discriminant Estimation
— least-squares
— Fisher discriminant
— perceptron
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Recall: K-Class Discriminant Function

* K linear discriminant functions
yk(X) = Wi X + wio
— 1-of-K binary coding scheme
* Classification decision
— assign input x to class C,, if yr(x) > y;(x), Vj #k
* Decision boundaries
— boundary between classes C,and C;: yx(x) = y;(x)
— (D-1)-dimensional hyperplane (wi — w;) x + (wko — wjo) = 0
— singly connected and convex decision regions
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Notation

e K-Class Linear Discriminant

Yr(X) = WEX + Wk
— 1-of-K binary coding scheme
* Matrix notation
y(x) = W'
— augmented input x with dummy z, =1 for the bias weight w,,
— columns of (D+1)xK matrix W: the K augmented weight vectors

— assign input to class corresponding to largest-valued output

* Given data
— input X and target T matrices with inputs and targets in rows
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Least-Squares Discriminant

e Sum-of-squares error

—

Ep(W) = %Tr {(iv’“‘if’ _T)T(XW — T)}
* Pseudoinverse solution
W= (X"X)"'X"T = X'T
* Linear discriminant function
y(x) = WIx = T7 (iT)T %

* Properties
— a't, +b=0 implies a'y(x)+b=0, thus output sums up to 1
— ... but each individual element may be outside [0,1]
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Least-Squares Discriminant Example
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Least-Squares Discriminant Properties

 Qutliers
— suffers from lack of robustness to outliers

— the sum-of-squares function penalizes “too-correct” predictions
6

* Assumptions

— least-squares assumes *

Gaussian conditional 5| |

distribution ) ©
— binary target vectors

are far from having a |

Gaussian distribution 4l
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Recall Linear Discriminant Geometry
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Classification as Projection

 Consideration

— view classification in terms of dimensionality reduction

* Observation
— linear discriminant amounts to ...
— ... projection down to one dimension using w
— ... and thresholding using w,

* Ildea
— choose a projection that maximizes class separation!
— adjust w to achieve the desired projection
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Maximum Separation of Means

Class means
1 1
=g Yo m= g Yox

n & Cy n € Cs

Projection
mq = WTIII1 Mmoo = WTm2

Separation

mo —Mmp = WT(m2 — ml)
Constraint

— constrain w to have unit length, using a Lagrange multiplier

Solution
— project on the line connecting the means w oc (mz — m;)
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Maximum Separation of Means Example

4 L
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Fisher’s Criterion

* Ildea
— find projection that maximizes class separation ...
— ... and minimizes the within class variance (and class overlap)

 Within-class variance

F=3 Wo—mn)’ =Y (Wxy—wTm) = 3 (w'(x, —my))’

neCy nelCy, neCy

* Fisher’s criterion
— maximize the ratio of between-class and within-class variance

(ma —mq)?

52 + 53

J(w) =

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 14



Fisher’s Linear Discriminant

* Fisher’s criterion rewrite

J(w) (mg —mq)? (w'(my — ml))2 w!Spw
W) = = —
51 + 53 Z (WT(Xn — ml))2 -+ Z (WT(Xn — mz))2 wSww
neCy nelCs
Sp = (my —my)(my — ml)T Sw = Z (xp, — my)(x, — l’l’ll)T + Z (%, — M) (x, — m:z)T
neC, nelCs

* Maximization
— differentiate with respect to w and set to zero
(w'Spw)Sww = (W' Sww)Spw
— drop the scaling factor (the magnitude of w is irrelevant)
— multiply both sides by Sy, !

W X S\}/lSBW = ngl(mg —my )(msy — ml)Tw o6 ngl(mQ —m;y)
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Fisher’s Linear Discriminant Example

4 L

-2 p) 6
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Fisher’s Criterion and Least Squares

* Target coding
— for class C;: N/N,, for class C,: -N/N, (N data points)
— approximates the reciprocal of the prior class probability

 Minimization of the sum-of-squares error
N

1 2
T
E:§ E (W Xn+w0_tn)
N n=1 N
T
Z (wan + wo — tn) = 0 Z (W Xp 1+ Wy — tn) X, = 0
n=1 n=1
N
N N
th =Ni— — No— =0 NN
n; Ny Ny (sw + }V 2SB) w = N(mj; — m,)
1 1 .
m= > %= g (Nimi 4+ Nomg) Sp = (my —my)(my — my)
n=1
T o Syt (my — my)
Wy — —W 11 W w 112 m;

class C; if y(x) = w'(x—m) > 0 and class C, otherwise
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Multi-Class Fisher’s Discriminant

— D dimensions, K classes, D’ linear features y, = w, x, (DxD’) W
* Projection
— dimensionality reduction from D to D’ dimensions: y = W'x

* Co-variances in input space

K N
SW:ZSk ST:Z(Xn—m)(Xn—m)T
k=1 n=1
] o 1
S = Z(Xnmk)(xnmk)T m = NZX'HJ: WZNkmk
neCy n=1 k=1
1 K
Mg = N Xn S = ZNk(mk — m)(my — m)
neCy —1
St =Sw + Sg
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Multi-Class Fisher’s Discriminant

e Co-variances in projected space

K K
T
sw= Y Y (Yn—m)(yn — )" sp =) Nilpy — 1)(1y, — 1)
k=1 neCy K k=1
1 1
""k:_ZYna ﬂ:NZNk[J,k
nECy k=1

 Multi-class Fisher’s criterion
J(W) =Tr{syysp} = Tr { WSwW ") (W'Sg W)}
* Solution

— weights determined by the D’ most-important eigenvectors

 Observation
— D’ can effectively be at most (K-1), due to the rank of Sy
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Perceptron

* History

e Target coding

— forclass C;: +1, for class C,: -1

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21



Perceptron Criterion

* Perceptron classification
— x,inclass C;, if wig(x,) > 0;x, inclass G, if wig(x,) <0
* Perceptron criterion
— for correct classification, training examples (x,,¢,,) must satisfy

wio(xp)t, > 0
— if example is correctly classified, no penalty
— if example is misclassified, a penalty of —w'¢(x,)t,

* Perceptron error function
Ep(w) = — Z wlo t,

neM
— M is the set of misclassified examples
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Perceptron Learning

* Update rule
wlt) = w(™ — pVEp(w) = w'™ 4 ¢, t,

— where 7 is the learning rate; it can be set to 1 (scaling of w)

— if example is correctly classified, no change
— if misclassified, then we add or subtract ¢(x,,) to the weights

* Convergence
— error reduction from one example only, after update
_W(T+1)T(rb*rbtrz. — _W(T)T(bntﬂ o ((rbntﬂ)T(fbntn < _W(T)T(ﬁbnt?%
— if data are linearly separable, the perceptron will converge

* may take many steps; dependence on initialization and order

— if data are not linearly separable, it will not converge
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Perceptron Learning Example (1)

|

-1 —-0.5 0 0.5 1
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Perceptron Learning Example (2)

1

® °
°
o \©®
05¢
°
O B
-0.5
°
_1 - - -
-1 -0.5 0 0.5 1
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Perceptron Learning Example (3)

|

® °
PS
o \ @
05+t
O R
—0.5¢
°
_1 - - -
-1 —0.5 0 0.5 1
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Perceptron Learning Example (4)

1

® °
e ©
05¢
O B
-0.5
°
_1 : - :
-1 -0.5 0 0.5 1
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Perceptron Properties

* Limitations
— binary classification problems
— data must be linearly separable
* Criticism
— perceptrons cannot learn the XOR function!
— “Perceptrons” by Marvin Minsky and Seymour Papert (1969)
— turned down all funding in neural computing

* Related models
— adaline: adaptive linear element (Widrow and Hoff, 1960)
— same functional form, different training method
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Today

* Linear Generative Classification
— generative approach
— generative models
— ML parameter estimation
— discrete inputs
— exponential family
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Recall: Classification Decision Problem

* Approach I: generative models
— determine the class-conditional densities p(x|C,)
— infer the posterior class probabilities p(C, | x) (through Bayes)
— use decision theory to make decision

* Approach lI: discriminative models
— determine the posterior class probabilities p(C,|x)
— use decision theory to make decision

* Approach lll: discriminant functions

— determine a function that maps inputs to classes directly
— use the discriminant function to make decision

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 3



Linear Generative Classification
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Generative Models for Classification

* Generative models approach
— determine the class-conditional densities p(x|C,)
— infer the posterior class probabilities p(C, |x) (through Bayes)
— use decision theory to make decision
* Simplest case: two classes
— posterior probability for the first class

B p(x|C1)p(C1)
PGP = Sagen(en) + pxICp(C)
_ 1 — o(a) 04— ln p(x|C1)p(Cy)
1 + exp(—a) p(x|C2)p(C2)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 5



Logistic Sigmoid Function

 Definition

— squashing function | /|

— maps the real

into a finite interval

1

axis

o(a)
* Symmetry

o(—a)=1-o0(a)

* Inverse
— logit function

1/(1+exp(-x))

(log odds) * Derivative

a—ln( g

— 0) o'(a) = o(a)(1 — o(a))

M. G. Lagoudakis

TUC ECE, Machine Learning, Spring 2023
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Generative Models for Classification

* Generalization: multiple classes
— posterior probability for each class

p(x|Ce)p(Ck)  _  explax)
ij(x‘cj)p(cj) Zj exp(a;)

p(Cr %)

a, = In (p(x|Cx)p(C))

— known as the normalized exponential
— multiclass generalization of the sigmoid function
— also known as the softmax function

ar > a;, Vj#k = p(Cklx)~1and p(Cj|x) =0

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7



Continuous Inputs, Two Classes

e @Gaussian class-conditional densities
— same covariance matrix X

1 1 1 _
p(x|Cx) = (27)D/2 [3|1/2 exp {—5(7‘1 — )T E T (x Mk)}

* Posterior probability
p(Ci|x) = J(WTX + wp)

wo= X (g — )
I 1ot I 1t P(Cl)
- ——ur — o X |
Wo 2”’1 My + 2“’2 Mo + np(CQ)

— guadratic terms cancel out (due to common covariance)

— a sigmoid of a linear function of the input x
— linear boundary in input space, priors only shift the boundary
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Continuous Inputs, Two Classes

P T
- =" -
()4 T ' =
L o= == . 1
L] oy == \ . ..‘ _
~
1 ' P
~
1 . .
~

0.3 4---- 08d

| | o4l
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Continuous Inputs, Multiple Classes

e @Gaussian class-conditional densities
— same covariance matrix X

1 1 1 _
p(x[Ck) = (27)D/2 [3|1/2 exXp {—5(7( - Hk)TZ 1(X - Mk)}
* Posterior probability
P(Chlx) = = (o)) k() = Wi X + ko
2_;exp (a;(x)) .
Wi = X Uy
1

Wro = —§MEE_1I% + In p(Cy)

— guadratic terms cancel out (due to common covariance)
— for different covariance matrices X, : a quadratic function of x
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Continuous Inputs, Multiple Classes
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ML Parameter Estimation

* Given
— dataset {x,,t }, wheret =1 for C; and ¢t = 0 for C,
— prior probabilities: p(C,) =mand p(C,) =1—-7
— Gaussian class-conditional densities, same covariance matrix
* Joint densities
p(xn,C1) = p(C1)p(Xn[C1) = TN (x5 |11y, 2)
P(%n;C2) = p(Ca)p(xn|C2) = (1 — m)N (xn |2, X)
* Likelihood N
P, s o, B) = | [ 7N (i gy, )] [(1 = 1N (x5 |5, B)]

n=1

— maximize log likelihood with respect to =, pq, pty, X
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ML Estimation of 7

* Terms containing 7
N

Z {t,InTt+ (1 —1%,)In(1l —m)}

n=1

* Differentiating and setting to zero

—iz -
N & N TN+ N,

— N;: total number of data points in class C,
— ML estimate for prior: fraction of data in class
— generalizes easily to multiple classes
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ML Estimation of u, and p,

* Terms containing p,

N N
1
E ty DN (x|, X) = -3 E tn(xn — py) T X2 (%, — p,) + const.

* Differentiating and setting to zero

1 N
M = E Ztnxn

n=1

1 N
Ly = EZ@ — tn)Xn

n=1
— ML estimate of p;: mean of data points assigned to class C,

— generalizes easily to multiple classes

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 14



ML Estimation of X

* Terms containing X

1 & 1
—3 Ztn In |X| — 3 Ztn(xn — ul)TE_l(Xn — 1)

n=1 n=1

N N
1 1 _

—5 2 (U=t |B[ = 53 (1 ta)(xn — o) 57" (%0 — p1o)

n=1 n=1

N N —1 Nl N2

1
S, = Fl Z (Xn — ) (Xp — N1)T
e Solution R

oy S S, = E (Xn - [_LQ)(Xn - “2)T

neCq
— ML estimate of X: weighted average of class covariances

— generalizes easily to multiple classes

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15
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Today

* Linear Discriminative Models
— two-class
— iteratively reweighted least squares
— multi-class

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 2






Recall: Classification Decision Problem

* Approach I: generative models
— determine the class-conditional densities p(x|C,)
— infer the posterior class probabilities p(C, | x) (through Bayes)
— use decision theory to make decision

* Approach lI: discriminative models
— determine the posterior class probabilities p(C,|x)
— use decision theory to make decision

* Approach lll: discriminant functions

— determine a function that maps inputs to classes directly
— use the discriminant function to make decision

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 4



Input vs. Feature Space

— classification models: in the original or in the feature space

— simplest feature space a set of fixed basis functlons

b2

P SN

0.5} %,
'
2}
e o §
o
- o
0_
—i T l 0 0:5 b1 1
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Generative vs. Discriminative Models

* Recall: two-class generative classification
— models for the class-conditional densities p(x|C,) (and priors)
— Gaussian class-conditional densities, same covariance matrix
— assume M-dimensional feature space ¢(x) (or input space x)
— 1+M+M+M(M+1)/2 = (M?*+5M+2)/2 parameters: 7, py, o, =
— posterior: a sigmoid of a linear function of ¢(x) (or x)

* ldea: two-class discriminative classification
— models for the posterior class probabilities p(C, | x)

p(Cil¢(x)) = o(w' ¢(x)) p(Calop(x)) =1 — p(Ci|op(x))

— a total of M parameters (w) — linear vs. quadratic growth!
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ML Parameter Estimation

* Given
— a set of M fixed basis functions ¢(x) (features)
— posterior model: a sigmoid of a linear function of ¢(x)

— data set {¢,,t,}, where ¢, = ¢(x,), t,=1for C,and t =0 for C,
. Ukeﬁhood

1 t,
t|W Hyn {1 yn, t = (tl,...jiN)T Yn = O(WT¢n)
° Cross-entropy error functlon
E(w)=—Inp(tlw) = Z{t ny, + (1 —1t,)In(1l —y,)}

— optimize with respect to the parameters \'4

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 8



ML Parameter Estimation

* Cross-entropy error function
E(w)=—Inp(tlw) = Z{t ny, + (1 —1t,)In(1l —y,)}

* Differentiation Yn = (W' ¢b,)
N

VE(w) = Z(yn —tn),

n=1

e Sequential gradient descent
W(T_H) — W(T) — nvwEn — W(T) - n(yn — tn)(ﬂbn
* Observations

— for linearly-separable data, there is an infinity of solutions
— regularization or MAP estimation to avoid singularity
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Newton-Raphson ML Estimation

* ML parameter estimation

— unlike least-squares linear regression with Gaussian noise,
closed-form solution is not possible due to non-linearity of o

— idea: use of Newton-Raphson iterative optimization scheme
— based on a local quadratic approximation of the log likelihood

* Newton-Raphson
— minimize error function E(w)

— iterative update
W(new) _ w(old) o H_1VE(W)

— H is the Hessian matrix (second derivatives of E(w))
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Newton-Raphson on Sum-of-Squares

* Sum-of-squares error function

N
1

ED (W) — § Z{tn T WT¢(XTL)}2 Go(x1) O1(x1) - Om—1(x1)

n=—1 B %(.XQ) Cbl(.xz) QSM'—.](Xz)

e Gradient and Hessian do(kn) dilxn) - dars )
N

VE(w) = Y (W'¢, —ty)p, =2 ®w— o7t

n=1

N
H=VVE(w) = ) ¢,¢,=%"®
n=1

 Newton-Raphson update
W(new) _ w(old) . ((I)T(I’)_l {(I)T(I)W(old) L (I)Tt} _ ((I)T(I’)_l(:[)Tt

— least-squares solution in one step due to quadratic error
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Newton-Raphson on Cross-Entropy

* Cross-entropy error functlon

E(w) = —Inp(tjw) = Z{t Iny, + (1 — tn) In(1 — yn)}
n=1
* Gradient and Hessian
VE(W) = Y (yn—ta)d, =2"(y-1) yn = o(wrp),)
n=1 R'rm, — yn(l - yn)
H = VVE(w Zyn = d"RP
* Newton- Raphson update
w(new) _ W (old) (‘I’TR‘I)) I(I’T(y o t)
= (@'R®)'{®#'ReW — 2 (y-1)}
= (®'R®) '® Rz z=3w ") —R7(y - 1)
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Iteratively Reweighted Least Squares

* lteratively Reweighted Least Squares (IRLS) [Rubin, 1983]
wiew) = (@TRP®)'®'Rz  z=dw ") Ry -1) Run=yn(l—yn)
— normal equations for a weighted least-squares problem
— weights R and “targets” z depend on the parameter vector w
— the weights can be seen as the variance in the targets
Et] = o(w'¢)=y
varlt] = E[t’] —E[t]* =o(w'¢) —o(w ¢)? =y(1 -y
* |RLS interpretation

— solving the linearized problem in the space of a = w'¢
— the effective target 2, is a localized linear approximation of o

da,,

Yn — t'n)
(tn —yn) = Twlold) _ (
dyn w(01d) d)n

yn(l — yn)

an (W) ~ an(w(dd))—l—

o ZTL
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Multi-Class ML Parameter Estimation

* Given
— a set of M fixed basis functions ¢(x) (features)
— posterior model per class: a softmax of a linear function of ¢(x)

p(Ck|®) = yr(@) = 5(.}(5}5385;)

— a total of MxK parameters for K classes
— data set {¢,,t,.}, where ¢ = ¢(x), t, is a 1-of-K coding label

* Likelihood

N K N K T = {t)
p(Tiwi, ..., wi) = [ [[pCelo) " =TT [ viz:
n=1 k=1 n=1 k=1

T
Ak = Wi @
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Multi-Class ML Parameter Estimation

* Cross-entropy error function

N K
E(wy,....,wg)=—Inp(T|wy,..., wg) = —ZZtn;ﬂ In v,

n=1 k=1

* Differentiation
N

ijE(WI: <. 7WK) — Z (ynj - tnj) an

n=1

Y,
Ba, = Yr(Le; — ;) D ptnk =1

e Sequential gradient descent

(74+1) ()

Wi = W, = WVWk E, = WI(cT) o

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 16



Multi-Class Newton-Raphson

* Cross-entropy error function

N K
E(Wl, o ,WK) — —lnp(T|w1, .o ,WK) — —ZZtn;{; lnynk

n=1 k=1
e Gradient and Hessian
N
ijE(wla s 7WK) — Z (y?’lj - tnj‘) an
n=1
N
vwk ij E(Wla SR aWK) — Z ynk(-[kj - ynj)qbnqbg

n=1

* IRLS

W}(Cnew) _ W}(@old) B (Vwk ij E)—l VwkE
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Today

* The Laplace approximation
— one-dimensional
— multi-dimensional
— application to model comparison

e Bayesian logistic regression
— approximate posterior
— approximate predictive distribution
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1-D Laplace Approximation

* Laplace density approximation
— approximate an arbitrary probability density with a Gaussian
— Gaussian centered on a mode of the approximated density

* Density
— probability density over some variable z
p(z) = 7 £(2) 7 = [ f(2)ds
— normalization constant Z can be unknown
* Mode
— the derivative of the density is zero at a mode z, : d{z(;) —0
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1-D Laplace Approximation

9™ (a)
n!

gH((L)

* Taylor expansion () =g + (@)@ —a)+ 5~z —a)+...+
— Taylor expansion of the density logarithm about the mode z,

In f(z) ~In f(z9) — ;A(z — 20)? A=— < In f(2)

dz?

— the first-order term vanishes due to z, being a mode

(x—a)" +...

Z=Z0

* Gaussian approximation
— the logarithm of a Gaussian is a quadratic function
— so is the Taylor expansion of the density logarithm!
— take exponential to form a Gaussian and normalize (need A>0)

1/2
f(z) ~ f(zg)exp{—g(z — zo)z} q(z) = (A) exp{—g(z — 20)2}

27
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1-D Laplace Approximation Example

0.8
p(2) o exp(—2z?/2)0(20z + 4)
0.6}
0.4 ;
40
021 | 30t
0 1 1 1 1 1
=2 -1 0 1 2 3 4 20t
normalized distributions
10
0 \-4 - R .
=2 -1 0 1 2 3 4

negative logarithm curves
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M-D Laplace Approximation

* Density
— density over M-dimensional variable z: p(z) = f(z)/Z

* Taylor expansion

In f(z) ~1In f(zg) — %(z —20)'A(z—29) A=—VVinf(z)

Z—Z)

* Gaussian approximation

fla) = flan)exp { (s~ 20) A2~ 0)

1/2
0(2) = otz 0 { 32~ )" A(a = 20) | = NCalzo. A

— A must be positive definite for z, to be a mode
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Laplace Approximation in Practice

* Procedure
— find a mode: numerical optimization (multiple solutions)
— evaluate the Hessian at the mode: must be positive definite
* Application
— approximating posteriors (tend to be Gaussian for lots of data)
* Weaknesses
— the Gaussian distribution extends over the entire real axis
— the Gaussian distribution is inherently unimodal
— the approximation is based on local aspects around the mode
— the approximation may fail to capture global properties
* Trick
— transformation: Laplace approximation of Inz for 0<x <o
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 8




Approximating the Normalizer

* ldea
— integrate the Laplace approximation instead of the density

* Approximate normalizer

Z = /f(z)dz
f(Zg)/exp{—%(Z—ZQ)TA(Z—ZO)} dz

(271-)M/2
|A|l/2

P

= f(2o)
* Application

— compute approximation to model evidence
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Application to Model Comparison

* Bayesian model comparison
— given: data set D, set of models {),} with parameters {0 }
— define likelihood p(D|8,,M.), prior p(6.| M;) over parameters
— find the model evidence p(D| M;) for each model M,

* Approach
_ 1(0) = p(DIO)p(©O)  , _ 4y y EDM
p(D) = [ p(Dlop(o)a0 1O~ rDOO) 7 s T

M 1
Inp(D) ~ Inp(D|Onap) + Inp(@nap) + 5 In(27) — 5 In |A]

oy

g

Occam factor
— B\,4p is the mode of the posterior

— Alis the Hessian A = —VV Inp(D|0yiap)p(0riar) = —VV Inp(@riap|D)
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Bayesian Information Criterion (BIC)

e Model evidence

M 1
Inp(D) ~ Inp(D|Onap) + Inp(@nap) + 5 In(27) — 5 In |A]

\ - _—y
g

Occam factor

* Assumptions
— a broad Gaussian prior distribution over the parameters
— the Hessian is full rank

* Bayesian Information or Schwarz Criterion

1
Inp(D) ~ Inp(D|Onap) — §Mr In N

— 1t term: log likelihood evaluated at the optimized parameters
— 2nd term: penalty for model complexity
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Bayesian Logistic Regression

* Bayesian treatment
— introduce a (conjugate) prior over the parameters
— define the likelihood of the data given the parameters
— compute the posterior over the parameters
— infer the predictive distribution by integrating over parameters

* Exact Bayesian logistic regression
— finding the posterior or the predictive distribution is intractable!
— posterior: product of prior and likelihood (product of sigmoids)
— predictive: integration of a product of sigmoids
— idea: apply Laplace approximation!
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Approximate Bayesian Logistic Regression

* Gaussian prior
p(w) = N(w|myg, So)
* Posterior -
p(wlt) o p(w)p(tjw) pitw) = [T (10"

 Log posterior t= ()t
np(wlt) = —5(w—mo)'S;" (w—my)
N
+ Z {t,Iny, + (1 —t,)In(1 —y,)} + const Yn = o(Wie,)
n=1
* Laplace approximation

q(w) = N(W|WMAP7 Sn)

N
Sy = -VVInpwlt) =S+ ya(l — y)p,bn

n=1

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 14



Predictive Distribution

* Predictive distribution for input ¢(x)
~ class C;: p(Glo.) = [ pCilowip(wit)dw = [ o(w@la(w) dw
— class C,: p(Cald.t) = 1—p(Cilo,1)

* Algebraic manipulation

[ otw@latw)dw = [ a(@p(a)da pla) = [ 8- wTg)a(w) aw

— &() is the Dirac delta function
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Predictive Distribution

* Evaluation
pla) = [ 3a—wTla(w) dw
— the delta function imposes a linear constraint on w
— leads to a marginal distribution of the joint distribution ¢(w)
— obtained by integrating out all directions orthogonal to ¢

— the marginal must be Gaussian, since g(w) is Gaussian
q(w) = N(w|wmap, Sy)

o = Bla) = [ plajada= [ twyw'¢dw = wiypo
o2 = varla] = /p(a) {a* — E[a]’} da
[ atw) {wT ) = (mk )2} dw = ¢"So my = Sy& Tt

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 16



Approximate Predictive Distribution

* Variational approximation
pCi1t) = [ o@p(@da = [ (@A (alpa.o?) da
— convolution of a logistic sigmoid with a Gaussian

— cannot be evaluated analytically
— approximate the logistic sigmoid with a probit function

d(a) = / N(9|0, 1)dé o(a) ~ ®(Aa)

— rescale the probit to have identical slope at O A = 1/8
— the convolution of a probit and a Gaussian is another probit

/(I)()\a)N(am, 0?)da = ((A_Q fag)m)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 17




Sigmoid (red) and Probit (blue)

1

0.5
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Approximate Predictive Distribution

f@()\a)]\f(am, 0%)da = ® (()\—2 _:L02)1/2>
* Approximate convolution

/a(a,)./\f(a\u, o*)da ~ o (k(c?)p) k(0?) = (14 702 /8)71/2
* Approximate predictive distribution
pCi1t) = [ o@p(@da = [ (@A (alpa.o?) da

pCilDt) =0 (5(02)pa)  pa=whiapd 02 = $'Sng
— decision boundary p(C,| ¢,t)=0.5 is given by u =0 (same as MAP)
— for minimizing misclassification with equal priors, no change
— for other decision criteria, marginalization makes a difference
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Predictive Distribution Example

° ' |
41 |
2 x);(%

|
(N
X
X
0 0y
025 ——
0.75
36'0

IR
\_
I

_6 \

—4 -2 0 2 4
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Sampled (w) Decision Boundaries
6 . . .

-6 - - -
—4 -2 0 2 4
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Today

* Kernel Methods

* Dual Representation
* Kernel Construction
* Kernel Regression
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Parametric vs. Non-Parametric

* Parametric
— model is governed by a vector of adjustable parameters
— learning: obtain a point estimate or a posterior distribution
— training data are discarded after learning
— predictions are based on the learned parameters

* Non-parametric
— there are no adjustable parameters in the model
— learning: select which of the training data to use and how
— training data (or a subset of) are kept after learning
— predictions are based on the kept training data
— memory-based methods: fast learning, slow prediction
— examples: Parzen probability density, nearest neighbors, ...
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Kernel Functions

* Kernel function
— inner product of feature vectors (fixed nonlinear features ¢)

k(x,x') = ¢(x)" o(x)

— symmetric function over its arguments: k(x,x') = k(x',x)

— the definition can be generalized even to discrete objects

* Kernel substitution (kernel trick)
— formulate an algorithm so that x enters only in scalar products

— replace the scalar products with a kernel
* Types of kernels
— stationary (invariant to translations): k(x,x’') = k(x — x')
— homogeneous (depend on distance): k(x,x’) = k(|| x — x’ ||)
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Kernel Methods

e Kernel methods

— methods in which predictions are based on combinations of
kernel functions evaluated between the input and data points

— need a dual representation of the problem for kernelization

* Kernelized algorithms
— nearest-neighbor classifiers
— Fisher discriminant
— support vector machines
— relevance vector machines
— principal component analysis

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 6
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Dual Representation (1)

* Duality

— many linear models can be reformulated using a dual
representation, where the kernel function arises naturally

* Regularized Sum-of-Squares

N
= 23 (W)t} W A >0
* Solution
— setting the gradient to zero reveals the form of the solution
Z{W —ln}P(xn) + Aw =0 = {W tn )
N a—(al,...,aN)T

of feature vectors!

w=— Z [wl(x,) —tn} P(x,) = Z an(x,) = ®Ta [linear combination

n=1
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Dual Representation (2)

* Reformulation
— reformulate in terms of the new N-dim parameter vector a
1 A
J(w) = §(<I>W —t) N (dw —t) + EWTW
1

1 A
= §WT(I)T(I)W —wliedlt+ EtTt + EWTW

— substitute w = ®1a into J(w)
1 1 A
J(a) = iaTq)@Té[)fI)Ta —at®P 't + 5tTt + §aT<I><I>Ta

 Kernelization
— NxN Gram matrix K = P! Kom = &(x0) " (%) = k(X0 X))

1 1 A
J(a) = §aTKKa —a'Kt+ 5tTt + 5aTKa
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Dual Representation (3)

* Solution
— setting the gradient of J(a) to zero
J'(a)=0 — KKa-Kt+\Ka=0 — K(Ka+la—t)=0
— or, alternatively, substituting w = ®1a into the solution for w
w=—13"(dw—-t) = -\P'a=3"(®P'a-t) = & (Kat+la—t)=0

— solving for a leads to an NxN inversion (vs. MxM for w, M<N)
Ka+la—-t=0 = a=(K+\y) 't
* Prediction

y(x) =w o(x) = ¢(x)'w=p(x) & a=k(x) (K+Ay) 't
— need N-dim vector k(x) = ®¢(x) k. (x) = o(x,) " d(x) = k(x,,, %)
— the prediction is a function of the data, no parameters!
— no explicit computation of ¢(x), computation of kernels only
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Kernel Definition Approaches

* Indirect
— choose feature space ¢(x) first and then construct the kernel

M
k(x,x) = p(x) " p(x') = Y di(x)¢i(x)
* Direct =
— choose the kernel directly, but ensure it is a valid one
— must correspond to a scalar product in some feature space
— the Gram matrix K must be positive semidefinite for all {x, }
— the dimension M of the feature space can be arbitrary
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Indirect Approach Example

feature spaces and kernels (x’ at red mark) for polynomial, Gaussian, logistic sigmoid basis

1 . 1 \ \ 1
0.75 - 0.75 -
0.5 - 0.5
0.25 - 0.25 -
! 01 0

1 —1 0 1 - |
1.0 . 50 0
1.0 ] 3.0
00F - N
-0.4 3 0.0 . 00 )
-1 0 1 -1 0 1 —1 0 |
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Direct Approach Example

* Kernel function
k(x,z) = (XTZ)2
 Two-dimensional input space x=(z1,22) 2z = (z1,22)

k(x,z) = (XTZ)2 = (2121 + T222)?

2,2 2,2
T1z] + 2x121T222 + X525

— (Q’%a \/5331:827 .’L%)(Z%, \/53132: ZE)T
= ¢(x) P(z).
— it is a valid kernel!

* Feature space
(ﬁ)(X) — (3;%3\/5:171:3273:%)T

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 14



Structural Kernel Definition

— given valid kernels k,(x,x’) and k,(x,x’), the following are also valid:

k(x, X’r) = cky (X, X’) ¢ >0 is a constant

k(x, X") =  f(x)ki(x, Xf)f(X,) f(.) is any function

k(x, x") = q(k1(x, X’)) q(.) is a polynomial with coeff >0
ko x) = exp (ki(x,x))

k(x,x") = ki(x,x') + ka(x,x)

k(x,x') = kl(x x' Vo (x,x")

k(X, X!) — ((;f)( )’ ( )) ¢(x) is a feature space mapping
k(X, Xf) TAX A is symmetric positive semidefinite
k(x,x") = ka(Xa,Xg) + kp(Xp, Xp) x=(x, %)

k(x, Xf) = ka(Xaq, X;)kb (X, XE;) k, (x,x,) and k,(x,,x,’) are valid
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Kernel Examples

* Polynomial

— k(x,x’) = (xTx’)? contains only terms of degree 2

— k(x,x') = (xTx’+c)%, ¢ > 0, contains terms of degree up to 2

— k(x,x’) = (xTx’)M contains only terms of degree M

— k(x,x') = (xTx'+c)¥, ¢ > 0, contains terms of degree up to M
* Gaussian

— k(x,x’) = exp(-||x-x"||2/20?), infinite dimensional feature space
* Sigmoidal

— k(x,x’) = tanh(axTx’+b), Gram may not be positive semidefinite
* Non-vectorial

— k(A A,) = 21474l over subsets of a set
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The Gaussian Kernel

— defining
k(x,x") = exp (—||x — x'||?/207)
— expanding the square
[x —x'|I* =x'x+ (x')'x — 2x'x’
— substituting
k(x,x") = exp (—XTX/QO'Q) exp (XTX’/JQ) exp (—(x’)Tx’/Qag)
— using valid linear kernel and kernel properties
k(x,x') =x'x’ k(x,x') = cki(x,x')
ko, x) = exp(ki(x,X)  k(x,x) = f)k(xx)f(X)
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 17
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Application to Regression

* Given
— training set {x,,t, } of inputs and targets
* Joint distribution

— Parzen density estimator for the joint distribution p(x,t)

1 N
p(x,t) = ﬁz.f(x_xmt_tn)

n=1

— component density functions f(x,t) centered on data

* Goal
— an expression for the regression function y(x) = p(t|x)
— conditional average of target ¢ conditioned on input x

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 19



Kernel Regression

o ftp(x, t)dt Z/tf(x—xmt—tn)dt
y(x) = E[t|x] _f tp(t|x)dt = / _ g:/
- p(x,t)dt F(x = Xy, t — ty) dt

— zero mean components and change of variables

[ reorac=o o) = [ fxt)a

— Nadaraya-Watson model (kernel regression) o(x — %,,)
Zg(x — Xy )ty k(x,xn) = ZQ(X _1 )

y(X) — = — Zk(xaxn)tn m "
Zg(x—Xm) " ik( -1

m X,Xp) =

— full conditional distribution n=1
Zf(x - X'n,at _ tn)

p(t,x) -

p(t[x) = =
/p(t?x)dt Zf.f(x_xm:t_tm)dt

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 20



Kernel Regression Example

*Densities f(z,t) 157

—zero-mean
—isotropic I
—Gaussian 05l

*Legend
—truth (green) Ot
—data (blue)

—regression (red) —-0.5F

—variance (shade)

-1.5¢

0 0.2 0.4 0.6 0.8 |

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21



Operational Programme EZ"A

Human Resources Development, .=520]4 2020

Education and Lifelong Learning

European Union
European Social Fund Co-financed by Greece and the European Union

Graduate Course on

Machine Learning

Lecture 13

Gaussian Processes for Regression

-~

>

>

<. . -

e ———

\h_../

= ,;uc ECE Sprmg2023,/’ —




Today

* Gaussian Processes
* Gaussian Process Regression
* Learning Hyperparameters
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Motivation

* Bayesian linear regression
— parametric linear model in a (non-linear) feature space
— prior distribution over the parameters ...
— ... induces prior distribution over regression functions
— given training set, posterior distribution over the parameters ...
— ... yields a posterior distribution over regression functions
— ... and implies a predictive distribution (with addition of noise)
e Gaussian processes
— directly define a prior distribution over regression functions
— ... then infer the posterior distribution over regression functions
— problem: uncountably infinite space of regression functions!
— idea: can focus only on their values at the data points (finite)
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Linear Regression Revisited

* Model
— linear combination of M fixed features u(x) = w"' ¢(x)

* Prior
— isotropic Gaussian p(w) = N (w|0,a~'T)
* Distributions
— each value of w defines some regression function y(x)
— prior over w induces distribution over regression functions y
— for data points x, x,, ... X, we care about y(x,), y(x,), -.- y(xu)
— what is the joint distribution of the regression function values?
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Linear Regression Revisited

* Output
— vector y with elements v, = y(x,)
— can be written as y = ®w, ® is the design matrix @, = ¢1.(x,,)
* Distribution
— yis a linear combination of Gaussian distributed variables (w)
— hence, the distribution over y must be Gaussian

— only need to find mean and covariance This is an example of
Ely] = ®Ew| =0 a Gaussian process!
1
covly] = E [VVT] = ®FE [WWT} ' = —Ppp' = K
8

- K is the Gram matrlx K’n’m — k(x'nax'm) — qu)(xn)Tﬁb(Xm)
«
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Gaussian Stochastic Processes

* Definition

— a probability distribution over functions y(x), so that the values

of y(x) at points x, x,, ... Xy jointly have a Gaussian distribution
— for two dimensional input, it is known as Gaussian random field
— specified by the joint probability distribution overy ,y,, ..., yn
— being Gaussian, it can be specified by second-order statistics
— mean is commonly taken to be zero, thus need only covariance
— covariance of y(x) at any two points x,, X given by a kernel

E [y(%n)y(xm)] = k(Xn, Xn)

— the kernel function can be defined indirectly (feature vector) ...
— ... or the kernel function can be defined directly (no features)
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Functions from Gaussian Processes

Gaussian kernel exponential kernel
k(z,2") = exp(—|z — 2'||?/207) k(z,2') = exp (=0 |z — 2'|)

-1 -0.5 0 0.5 | -1 -0.5 0 0.5 |
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Functions from Gaussian Processes

Gaussian kernel exponential kernel
k(z,2") = exp(—|z — 2'||?/207) k(z,2') = exp (=0 |z — 2'|)
20 " ! ' exp(-1.0%abs(x-0))

1.0}

0.0 %
-1 0 |

0.3
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Gaussian Process for Regression

* Output noise
— fory, = y(x,) and random noise €, the targetist, =y, +¢€,
— for Gaussian noise with precision 3: p(t.|yn) = N (tn|yn, 371)
* Joint distribution
p(tly) = N(tly, 5" 'Iy) t=(ti,....tn)"

p(y) = N(y|0,K) Y= (Y- yn)"
— for similar inputs x,, x, the outputsy,, y,, will be correlated

* Marginal distribution

pltly) = A (t/Ay +b,L 1)
) = [ pitly)ply) dy = V(0. C) e
C =k+6_11 p(t) = N(t|/Ap+b, L™+ AATAT)

— independent Gaussian randomness, so covariances add

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 11




Example Kernel for Regression

* Kernel
— exponential of quadratic form with linear and constant terms

v,
k(xnn Xm) — 90 €XP {Qllxn — Xfm||2} + 92 + GSXEXm

* Hyperparameters (6,61, 62,05)
— 0, : weight on quadratic term
— 0. : scaling of exponential
— 0, : weight on constant term
— 0, : weight on linear term
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Regression Function Samples ,.6,6..6;)

(1.00. 4.00. 0.00. 0.00) (9.00. 4.00. 0.00. 0.00) (1.00, 64.00. 0.00. 0.00)
3 9
1.5 1 4.5
0 g 0
-1.5 1 -4.5
-3 -9 3
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1 -1 0.5 0 0.5 1
(1.00. 0.25. 0.00, 0.00) (1.00. 4.00. 10.00. 0.00) (1.00. 4.00. 0.00, 5.00)
3 9 4
1.5 1 4.5 1 2t
/
-1.5 1 —4.5 1 =2
x-/ \_’/\_’
-3 : - : -9 : - : —4 : : :
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1 -1 —0.5 0 0.5 1
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Sampling of Data Points Example

3

*Kernel
—exponential of quadratic ...

—... plus linear

—... plus constant /e-\
<

*Legend
—regression function (blue) ¢}
—10 data points
—sample outputs (red)
—additive noise (yellow)
—sample targets (green)

3 .
—1 0 T ]
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Data Conditioning Example

=2

(a) E[f ()] £ 2std [f ()] (b)

N=2 N=4

2 2.0
15
1.0
0 0.5
0.0
-0.5
-2 -1.0
=1.5 1

=2.0

-4 -2 0 2 4 -4 -2 0 2 4
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Making Predictions

Prediction

— so far, only model of the joint distribution over data points

— regression is about making predictions at new data points

— given a training set: targets ty = (¢t1,t2,...,tn)" forx,,x,, .. Xy
— ... we need to predict target ¢ ,,, for new input x,,,

Gaussian process prediction

— we need to evaluate the predictive distribution p(t .| ty)

— conditioned alsoon x, x,, ... X5, Xy, but dropped for clarity
— obtain conditional distribution from the joint one for N+1

. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 16



Gaussian Process Prediction

e Joint distribution
p(tyi1) = N(ty11]0,Cna1) thvi1 = (]5_1,?52, e ,751\5, tN+1)T

W

T
tN

Cni1 =Kni1 + 5_11N+1

co _ [ Cyn Kk k= (ko xv41)}n =12, N
N+1 — kT ¢ c:k(XN+1;XN+1)+6_1

* Conditional distribution
— p(tn.q|ty) is also Gaussian

T -1 [ Xa Hq Zaa Ea
— mean m(xn+1) =k Cy'ty T (Xb) a (“b) =" (Eb& zbz)

— variance o?(xy11) =c— k' Cy'k

p(x) = N (x|p, X)

p(xb|XG) - N(Xb“l'b\a? 2b|a)
— dependence on x,;,, through k Myjq = My + ZbaZqq (Xa — )
Z:b|a = Xpp — Ebazgalzab
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Conditional Distribution Example

*Kernel
—exponential of quadratic ...
—... plus linear 1+
—... plus constant

*Legend
—training data point (blue) 0

—test data point (green)
—joint distribution (red)
*2D zero-mean Gaussian

—conditioning (blue line)

—conditional (green curve)

*1D Gaussian

—conditional mean (green line) _i 0 1
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Gaussian Process Regression Example

*Kernel
—exponential 1t 00
of quadratic ... /’\
—... plus linear 0S5F
—... plus constant O o\ O
‘Legend Or
—truth (green)
—data (blue) —05¢F i
—regression (red) /
: O
—variance (shade) _1}
0 0.2 0.4 0.6 0.8 1
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GP Regression Example 1

1
K(zp, zq) = ‘7?“ EXP(_ﬁ(v@p - xq)Q)

(I, sigma_f, sigma_y)=1.0, 1.0, 0.1

*Kernel 6 — vean

—exponential x Data
of quadratic . Confidence

—params: o; , /

*Legend
—data (x)

—regression
(dark blue) 0-

—variance
(blue shade) -2 -

—observation X

NOISE o -10.0 -7.5 -5.0 =25 0.0 2.5 5.0 7.5 10.0
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GP Regression Example 2

1
K(zp, zq) = ‘7}% eXp(_ﬁ(v@p - xq)Q)

(I, sigma_f, sigma_y)=3.0, 1.16, 0.89

*Kernel 4
_ — Mean
—exponentla.I 31 x Data X
of quadratic Confidence
—params: o7,/ 27 8
X
*Legend 1-
—data (x) 0
—regression
(dark blue) -1
—variance X
(blue shade) ~2°
—observation _3 | X
noise o, -10.0 =75 -50 -25 00 25 50 7.5 100
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Constructing Kernels for Regression

* Requirements
— covariance matrix C must be positive definite
— if A, is an eigenvalue of K, then )\, + 3 is an eigenvalue of C
— since (3> 0, it suffices A\, > 0 or that K is positive semidefinite

* Kernel construction
— same, typical, requirements for kernel construction

* Expansion N
— mean of predictive dist m(xy+1) =k Cy'ty = > ank(xn, Xn11)
— a, is the n-th component of C-1 ty "

— for homogeneous kernel function, it is a radial basis expansion

— in this case, kernels can be constructed indirectly (features)
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Computational Complexity

* Basis functions linear regression
— inversion of MxM matrix Sy, O(M?3) time, once per training set
— MxM matrix-vector multiplication, O(M?) time per prediction
* Gaussian process regression
— inversion of NxN matrix C,, O(N3) time, once per training set
— NxN matrix-vector multiplication, O(N?) time per prediction
* Comparison
— if M much smaller than N, then basis functions are preferred

— GPs consider covariance functions expressible by infinite BFs
— for large data sets, there are approximation schemes for GPs
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Learning

* Learning hyperparameters
— parameters @ of the kernel; determine the covariance function

— instead of fixing their values, infer them from the data

* Log likelihood learning
— maximization of the log likelihood p(t| @) for a point estimate
— log likelihood may be non-convex and may have multiple maxima

T 1 1 _ N
— log likelihood:  Inp(t|0) = -3 In|Cn| - §tTCN1t Y In(27)

— gradient: K _ 1 ICNY | Ll 19CN 4
. a0, In p(t]0) 2Tr Cy a0, + 2t Cy 20, Cyt
* Bayesian setting

— introduce a prior over 8 and maximize the log posterior

— evaluate marginals over @ weighted by prior, likelihood (approx)
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Automatic Relevance Determination

ARD

— introduce a separate parameter 7, for each input dimension ¢
— optimize using maximum likelihood

— infer the relative importance of different inputs from data

— a small value of 7, implies insensitivity to input dimension ¢

ARD examples

— exponential-quadratic kernel in two dimensions
2
1 /
k(Xj X;) = 90 exp {—5 Zl@ﬁ,‘z — ‘,E‘i)Q}

— extended exponential-quadratic kernel in D dimensions
D D

1
k(Xn,Xm) — 90 exXp {_5 Z:@-rni - Tm?,)z} + 92 + 95 qu‘nzrmz
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ARD Impact Examples

m=n=1 m = 1,170 =0.01

-1 -1
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ARD Learning

10”
*z, (red) L m
— samples from the
target function
*z, (green) 10° | 2 -
— copy of x, with
extra noise added
* z, (blue) .,
— samples from an 10 1
indepéndent N3
Gaussian
1()_4 ' ' ' '
0 20 40 60 30 100
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Today

* Gaussian Process Classification
— using Laplace approximation
— using lteratively Reweighted Least-Squares

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 2



ner

>
3
iy - * i

cess Classification

badl




Motivation

* From regression to classification
— probabilistic classification: predict posterior class probabilities
— Gaussian processes make predictions on the entire real axis
— idea: use a non-linear activation function to limit output to (0,1)

* Binary classification
— two-class classification problem with targets in {0,1}
— define a Gaussian process whose (real) output is a(x)
— transform (real) output to probability using a sigmoid, y = o(a)
— result: a non-Gaussian process over functions y(x), y<(0,1)

— take Bernoulli probability distribution over the target variable ¢
p(tla) = o(a)' (1 — o(a))' "
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Output Transformation Example

output of activation function

r \/\ ( W a(la(x))[\_

0.75t
-10 : : :
-1 -0.5 0 0.5 1 05¢
output of Gaussian process
025+t
0 ' : u
—1 -0.5 0 0.5 1
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Formulation

* Given
— inputs x,, X,, ... X,y with observed targets tv = (t1,ta, ..., tn)"
— a single test input x,,, Whose target is denoted as ¢ ,,

* Goal
— determine predictive distribution p(t,,,|ty)
— conditioned alsoon x, x,, ... X5, Xy, but dropped for clarity

* Approach i
— a Gaussian process prior over an41 = (a(xl),a(X2), . -,a(XN+1))
— a non-Gaussian process prior over tyyi = (ti,ta, ..., tn,tni1)"
— marginalization by conditioning on the training data ty
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Gaussian Process Classification

* Gaussian process

p(an+1) = N(an+1/0,Cn41) Cnt1 =Ky +vIinvg
— no need for output noise parameter (3, since targets are “clean”
— still, a small value v is used to ensure that C is positive definite
— can use any positive semidefinite kernel (parameterized by )
— prediction playiilay) = N(aN+1 | k'Cylan, c— kTCfVlk)
k ={k(xp,xn11)},n=1,2,....N

* Predictive distribution ¢ = kxn1 Xn41) + v

— suffices to predict p(t,,,=1|ty); complementary p(t,,=0]|ty)
p(tnsr = 1ty) = /p(tN+1 = llan+1)p(an+1|ty) danti

pltnt1 = lany1) = olany)
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Approximations ...

— the integral of the predictive distribution is intractable!

* Approximating the integral
— 1) Monte Carlo sampling methods
— 2) approximation for convolution of sigmoid with Gaussian
— the latter requires a Gaussian approximation to p(a .| ty)

* Approximating the posterior
— 1) variational inference using variational bound on logistic

— 2) expectation propagation due to unimodality
— 3) Laplace approximation (our lovely choice!)
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Laplace Approximation

* Using Bayes theorem

plans+1|ty) = /p(aN—i-l:aNltN)daN
1
= _/p(a*N+1:aN)p(tN|aN+laaN)daN
p(ty)
1
pitylanii,an) = p(tylay) = m/p(aN+1|aN)P(aN)P(tN|aN)daN

= /p(aN+1|aN)P(aNtN)daN

— play,|ay) is Gaussian playyilay) = N(aN+1 | k'Crlan, ¢~ kTC]‘Vlk)
— Laplace approximation for the posterior p(a,|ty)
— then, use known result for convolution of two Gaussians
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Recall: Logistic Sigmoid Function

® DEfinitiOn 1 ! I 1,:f{1+exp[—x}l}l

— squashing function o /|

— maps the real axis
into a finite interval

o(a)

) Symmetry 0.2 o

o(—a)=1-o0(a) 0

* Inverse
— logit function (log odds) * Derivative

a = In ( ? ) o'(a) = o(a)(1 — o(a))

1 —0o

10
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Recall: M-D Laplace Approximation

* Density
— density over M-dimensional variable z: p(z) = f(z)/Z

* Taylor expansion

In f(z) ~1In f(zg) — %(z —20)'A(z—29) A=—VVinf(z)

Z=1Z(
* Gaussian approximation

fla) = flan)exp { (s~ 20) A2~ 0)

1/2
0(2) = otz 0 { 32~ )" A(a = 20) | = NCalzo. A

— A must be positive definite for z, to be a mode
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Laplace Approximation

— the prior p(ay) is zero-mean Gaussian with covariance C,

— likelihood of targets

N
tN|aN H o afn 1 — 0 an H an

— Taylor expansion of the logarithm of p(aN|tN) p(ty|an)p(an)

U(ay) = Inp(an)+Inp(tylan)
1 N
= —§aNC fay — Em(%) — —ln\CN\ +tyay 2:111'1 (1+e“") + const.
— first and second derivatives
VKIJ(aN) =ty —on — Cj}laN VV‘D(&N) = —Wy — Cj_\rl

T
on = (o(a),0(m),. .. o(ay)) Wy =diag{o(a.)(1 - o(an)) }
— Hessian A = —VV¥(ay) is positive definite (sum of positive definite)
— the posterior p(a,|ty) is log convex and thus has a single mode
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Iteratively Reweighted Least-Squares

— the mode (global maximum) cannot be found by setting the
gradient to zero, due to nonlinear dependence of o, 0n ay

— thus, iterative scheme based on Newton-Raphson (and IRLS)
al" = Cy(I+WnxCx) !ty —on + Wyay}
— the iteration converges to a”,, where the gradient vanishes
V¥(ay) =ty —ony — Cylay =0 = ay = Cn(ty —on)
— now, we can evaluate the Hessian
H=-VV¥(al) =W} + Cy Wi = diag{a(a;;) (1- a(a;;))}
— to obtain the final Gaussian approximation to p(a,|ty)

plan|ty) ~ glay) = N(aylay, H™)
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Back to our Approximation

— final Gaussian approximation to p(a,,|ty)

plantilty) = /p(aN+1\aN)p(aN|tN)daN

planii]lan) :N(aN+1 | k'Cy'an kTC]_Vlk>

play|ty) ~ q(an) = N(an|ay, H™)
ay =Cny(ty —on) H=-VV¥(ay) =Wy +C'
W = diag{a(a;;)@ _ a(a,;;))}
— use known result for convolution of two Gaussians (next slide)

Elantilty] = k' (ty —on)
varfayi1lty] = c—k (W' +Cn) 'k
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Back to our Approximation (Proof)
* Reminder: Bayes’ Theorem for Gaussians
p(x,¥) = pxly)p(y) = ply|x)p(x) [pm = [ nyontax ]

B (y) N(y\Au+b L~ +AA—1AT)
- 1
p(ylx) = N(y|[Ax+b,L7) = (A+ ATLA)

plan|ty) ~ N(an|Cn(ty —on). (Wi +Cy)7H)

planysilany) =N

N

ant1 | KTCRtan, - K" CR'K)

plan+1lty) = [ planyilan)plan|ty)day

2\

(v |K"CR'Cn(ty — on), e KTCR'k + KTCH! (Wi + CF') ' CF'k)
(y KT (ty — o), c— KT (Cy + (W}‘V)_l)_lk)
(A+BD'C)"'=A"' —“ A" 'B(D + CA'B)"!CA"!
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Derive the Predictive Distribution

* Reminder: Convolution of Sigmoid with Gaussian
/a(aw(am, o) da =~ o (k(o?)p) k(o?) = (1 + mo?/8)"1/?2
* Predictive Distribution
pltxn = 1) = [ pltw = Laxsn)plawlty) dayy

pltny1 = llant1) = o(an 1)

plani1|ty) = N(y ‘ k'(ty —on), c—k'(Cy + (W}"V)_l)lk)

plinys = 1ty) =~ a(n(JQ)kT(tN _ aN))

k(o) = 1+ 0.125702
o2 = c—K'(Cy+(Wi) ) 'k
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GP Binary Classification Example

*Legend
—class 0 (red) 2t
—class 1 (blue)
—optimal (green)
—boundary (black)

0 "
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GP Binary Classification Probabilities

*Legend
—class 0 (red) 2
—class 1 (blue)
—boundary (black)

-2 0 2
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Today

e Sparse Kernel Machines
* Maximum Margin Criterion
* Lagrange Multipliers
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Sparse Kernel Methods

* Kernel Methods
— non-parametric methods, rely on kernel, no parameters
— limitation: the kernel function must be evaluated over all pairs
— predictions are computationally expensive
— idea: can we evaluate the kernel function only over a subset?

e Sparse Kernel Machines
— select a subset of training points that determine the outcome
— use only the selected subset for prediction
— Support Vector Machines (SVMs) [discriminant functions]
— Relevance Vector Machines (RVMs) [discriminant models]
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Recall: Linear Discriminants

* Linear discriminant function
y(x) = whp(x) + b

— ¢ is a set of features
— w is the weight (parameter) vector
— b is the bias parameter (its negative is the threshold)

* Binary classification
— data: inputsx, x,, ... xyywith targets ¢, 7, ... ty
— target coding: for class C;: +1,  for class C,: -1
* Decision surface yx)=0< wlep(x)+b=0
— w defines orientation and b defines location
— decision: sign of y(x); if separable, for all points: ¢ y(x,) >0
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Linear Discriminant Geometry
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Margin Geometry

margin

margin: perpendicular distance between decision boundary and closest point
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Maximum Margin Geometry

y=-—1
y=20
y =1
@
@

maximum margin: determined by a subset of points (support vectors)
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Max Margin and Support Vectors

* (Unsigned) distance to margin

* Maximum margin solution

1 :
arg max { M m?%ﬂ [tn (WTﬁb(Xn) T b)} }

w,b

— hard to solve problem
— points defining the min in the solution are the support vectors
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Canonical Representation

* Scale invariance w — kw and b — kb
— does not affect distances to margin and the decision boundary
— therefore, there exist multiple solutions for w and b

e Canonical representation

— for points closest to the margin (active)
tn (W @(xn) +0) =1
— for all points, including those away (inactive)

T
2 (W ¢(x5) + b) > 1 argmin%|w||2
* Constrained optimization subject to
— maximize [[w||~! (or minimize ||w]|?) b (WE(x,) +b) > 1
— quadratic programming problem n=1....N
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Maximum Margin Example

large margin (left, 3 active points) and small margin (right, 2 active points)
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Constrained Optimization

* Problem
— find the stationary points of a function of several variables ...
— ... Subject to one or more constraints on the variables

* Example
— find the maximum of f(x,,z,) subject to constraint g(z,,x,) =0
* Approach
— solve g(z,,x,) = 0 to express =, as a function of x_: z, = h(z)
— substitute x, into f(z,,x,) to obtain f(z, h(x.))
— differentiate, set to zero, and solve for x. to obtain z_*
— obtain z* = h(z,*)
* Properties
— analytical solution may be difficult; also, breaks the symmetry
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Optimization Geometry - Equality

e D-dimensional optimization V(x)
— maximize f(x) subject to g(x) =0 <
— ¢g(x)=0: (D-1)-dimensional surface on x

* Property

— Vg(x) is orthogonal to the surface
* Proof g(x) =0
— Taylor expansion around x on the surface

g(x+€) ~ g(x)+ €' Vg(x)
— both x and x+¢€ lie on the surface: g(x) = g(x+€) =0
— therefore, €' Vg(x) ~ 0 and when |le|| = 0: €' Vg(x) =0

— since € is parallel to the surface, Vg is normal to the surface
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Optimization Geometry - Equality

* Property Vi)

— V f(x) is also orthogonal to the surface XA
— ... at the point x 4, of the surface

— ... where f(x) is maximized along the surface

* Proof
— if it was not orthogonal to the surface at x4
— ... then we could increase the value of f(x)
— ... by moving a short distance along the surface

* Property

— vectors V f(x) and Vg(x) are either parallel or anti-parallel at x
Vf(xa) £AVg(xa) =0, A#0
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Lagrangian Optimization - Equality

* Lagrangian Function
L(x,\) = f(x) + Ag(x)
— A #0is known as the Lagrange (or undetermined) multiplier
— stationary points of L(x,\) also solve the constrained problem
VxL(x,A) =0 <= Vf(x)+ A\Vg(x) =0
OL(x,\)/0A=0 <= ¢g(x) =0

* Lagrangian Optimization
— to maximize f(x) subject to g(x) = 0, equivalently ...
— ... find the stationary point of the Lagrangian function L(x,\)
— yields D+1 equations that determine both x, and A
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Lagrangian Optimization Example

* 2-dimensional optimization -
— maximize f(z1,22) =1 — a7 — a3 (21,23
— subject to 9(z1,22) =21+ 22 —1=0 ﬁ% _
* Lagrangian Q%xl
L(zy,x0,A\) =1 — 2?2 — 22 + Nz + 22 — 1) 9(x1,22) =0

e Stationarity conditions
OL(x1,19,\)/0x1 =0 < —2x1+A=0
OL(x1,x9,\) /012 =0 < —2259+ =0

OL(x1,29,\)/ON=0 <= 21 +25—1=0

e Solution

— (z,*, x,*) =(0.5,0.5)and A =1
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Optimization Geometry - Inequality

e D-dimensional optimization Vf(x)

— maximize f(x) subject to g(x) >0 XA
— the constraint defines a region over x
* Solution x5 inside region
— the constraint is inactive ® Xp
g(xg) >0, Vf(xp)=0, A=0
* Solution x, on boundary
— the constraint is active

— vectors V f(x) and Vg(x) must be anti-parallel at x 4
g(xa) =0, Vf(xa)=-AVg(xa), A>0
* Property
— X 4 and x are stationary points of L(x, \)=f(x)+Ag(x), if Ag(x) =0
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Lagrangian Optimization - Inequality

* Lagrangian maximization

— to maximize f(x) subject to g(x) > 0, equivalently ...
— ... find the stationary point of the Lagrangian function L(x,\)

L(x,A) = f(x) + Ag(x)
— subject to g(x) >0

A>0
Ag(x) >0

— known as Karush-Kuhn-Tucker (KTT) conditions
* Lagrangian minimization

— to minimize f(x) subject to g(x) > 0, simply ...
— ... change the Lagrangian functionto L(x,\) = f(x) — Ag(x)
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Lagrange Multipliers - Summary

* Maximization

— to maximize f(x) subject to gj(x) =0and h,(x) >0, ...
— ... use Lagrange multipliers )\-and ;. and Lagrangian function

K
L(x, { A} {pnt) = ) + Z)\JQJ + Zﬁ%hk(x)
4 k=1
— subjectto hp(x) >0, x>0, prhe(x)>pP
* Minimization
— to minimize f(x) subject to gj(x) 0 and A,(x) >0, ...
K

L(x, {A\j} {ur}) = +Z)\JQJ Z/Mshk(x)
k=1

— subjectto hi(x) >0, up >0, Mkhk( ) >0
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Today

* SVMs for Non-Overlapping Classes
* SVMs for Overlapping Classes

e SVMs for Multiple Classes

* SVMs for Regression
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Maximum Margin Solution

y=—1
* Maximum margin y =0
1 y=1
arg max { T [t (W p(x,) +b)] }

* Constrained optimization
— quadratic programming problem °
— given adataset{(x,, ¢t )}..

— ... and a linear discriminant function y(x) = w'¢(x) + b

1
arg min -—2~||W]|2 subject to t, (W' @(x,)+0) >1, n=1,2,...,N

w,b

— can be solved using the method of Lagrange multipliers
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Lagrange Multipliers for Max Margin

° Problem

1
arg min -—2~||W||2 subject to t, (W' @(x,)+0) >1, n=1,2,...,N

w,b

* Recall
— to minimize f(x) subject to g](x) 0 and h,(x) >0, ...
K
L(x, {A} {mw}) = ) + Z)\JQJ Z/thk(x)
k=1
— subjectto hi(x) >0, up >0, Mkhk( ) >0
* Lagrangian
L(w,b,a) —HWH2 Zan {thn(Ww'p(x,) +b) — 1}
— S.t.ty ( T(Jb(xn) T b) —-1> Oa an, 2 0, an ( n (WTCb(Xn) + b) - 1) >0
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Dual Formulation

* Primal

L(w,b,a) —HWH2 Zan {tn(w'p(x,) +b) — 1}

— s.t.t, (qub(Xn) e b) —1>0, a, >0, a, (tn (WT(b(Xn) + b) - 1) > 0
* Derivatives

N
— stationarity VwLl(w.b,a) =0 <= w=> ant,d(xn)
n=1
OL(w,b,a)
S =0 = 0= > anty

* Dual . =
- 1
=D a5 DD antmtabk(xa,xn) k() = $(x) TG ()
n=1 n=1 m=1

N
— subjectto a, >0, n=1,2,..., Z —
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Dual Formulation Properties

* Dual N N
- 1
L(a) = Z an =3 Z Z UGtk (X, Xom) k(x,x') = ¢p(x)Tp(x)

— subjectto a,, >0, n=1,2,..., N, i\f:antn =0
* Properties "
— it is a kernelized approach
— bounded above for positive definite kernel function
— well-defined, quadratic, convex optimization problem
— optimal a can be found by a variety of methods
— complexity: from O(M3) in primal to O(N?3) in dual, but ...
— ... now can utilize high-dimensional feature spaces!
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Prediction

N
* Output y(x) =w p(x)+b W = Z antnd(x,)
n=1

N N
y(x) = Z antn®(xp)  P(x) + b= Z Aptnk(Xy,x)+ b
n=1 n=1

* Sparsity

— from KKT conditions, ...

a, = 0
— ... either ¢ y(x,) = 1 (support vectors) thy(xn) =1 = 0
— ...or must be a, = 0 (most data points)  a, {t,y(xn) =1} = 0

— need to keep and use only the support vectors for prediction

* Estimating b from support vectors S

to | ) Gt k(Xn, Xim) + b) =1 1
(mES b Z (tn — Z amtmk(xmxm))

multiply both sidesby ¢, t; =1 Ns neS meS
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SVM with Gaussian Kernel
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SVM with Cubic Polynomi
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Separable vs. Non-Separable Data

e Separable data
1
— objective minimize —||W||2 subject to Vn : y(x,)t, > 1
— error function
ZE y(x,)t, — 1) + M|w|?

n=1

— infinite error to misclassified data points F..(z) = oo for z < 0
— zero error to correctly classified data points E_(z) =0 for z > 0

* Non-separable data
— must allow for some misclassification of data points
— define penalty for being on the wrong side of the boundary
— penalty should increase with distance from the boundary
— for convenience, penalty is a linear function of the distance
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Slack Variables

e Constraints
Vn :y(xp)t, > 1

 Relaxation
Vn o y(Xn)t, > 1 =&,

* Slack variables
— one per data point

— constraint§, >0
—if &, =0, x, is correctly classified (original problem)

— if0<¢, <1, x, iswithin the margin, but correctly classified

— if1<¢ ,x,is onthe wrong side of the boundary, misclassified
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SVM Optimization Problem

* Original

1
minimize §||W||2 subject to Vn : y(x,)t, > 1
* New
N
| 5 :
minimize §||W|| + Cz £, subject to Vn @ y(x,)tn > 1 —6,,&, >0
n=1

— the parameter C>0 controls the trade-off between penalties

— 2., & isan upper bound to the number of misclassifications

— Cis analogous to (the inverse of) a regularization coefficient

— C trades off misclassification and model complexity

— when C—x, the original problem (separable data) is recovered
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SVM Lagrangian

* Lagrangian
N

N N
L(w,b,§,a,p) = ;Iw|2+025n =Y an {tay(xn) = 1+&} = pnén

n=1 n=1

* Karush-Kuhn-Tucker (KKT) conditions

n=1,...,N y(x) =w'p(x) +b
an 2 0 oL Y
thy(xn) —1+& > 0 5o =0 = w= ;anw(xn)
an (thy(xp) —1+&,) = 0 oI N
fy = 0 B 0 = Za”t” =0
n=1
En = 0 oL
inkn = 0 2. =0 = a,=0C—p,.
ll)n 2 0 = Ay, é C
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SVM Dual Lagrangian

* Maximize

N N N
L@) =) an—=> Y anamtntmk(Xn, Xp)

n=1 n=1m=1

DO | =

* subject to C n=1,...,N

0<a, <

N

Zantn =0
n=1

— quadratic optimization problem

— almost identical to the separable case, except C !
— the N constraints on the a's are known as box constraints
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SVM Prediction

° Predictive model

a,=0:
a, >0:
a,<C:

a,=C:

N
y(x) — Z antnk(xg Xrn,) + b

n=1

no contribution to prediction, data can be discarded
support vectors S, the sum is taken over them only

on the margin (i, >0 and &, = 0), correctly classified
within the margin, correct (£,<1) or misclassified (¢, >1)

* Threshold b
— M: support vectors with 0<a,<C have £, =0 and ¢ y(x,)=1, thus

mesS

1
b (Z Al k(X X)) + b) =1 b= (tn - amtmk(xn,xm))
meS M nemM

M. G. Lagoudakis
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v-SVM Dual Lagrangian

* Maximize

1 N N
— _5 Z Z a’namtntmk(xn? Xm)

n=1m=1

* subject to 0<a, <1/N n=1,...,N

S,

i

— quadratic optimization problem
— v: bound, upper on margin errors and lower on support vectors

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 18



v-SVM Classification Example

0

Gaussian
kernels
with y=0.45

-2

=2

M. G. Lagoudakis
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Quadratic Programming Problem

* Optimization problem
— objective function is quadratic
— linear constraints define a convex region
— any local optimum is also a global optimum

* Approaches
— chunking (Vapnik, 1982)
— protected conjugate gradients (Burges, 1998)
— decomposition methods (Osuna et al., 1996)
— sequential minimal optimization (SMO) (Platt, 1999)
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Loss Functions (scaled)

E(z)
black : misclassification error (ideal)
green : squared error (least-squares)
red : cross-entropy error (logistic regression)
blue : hinge error (support vector machine)
\
> 2
—2 —1 0 1 2
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One-vs-Rest

* Training
— K classifiers, one for each class
— positive examples from class k
— negative examples from all other classes

° Prediction

— if no unique classification, use maximization

* Problems
— imbalanced training sets
* variant: set target of negative class to -1/(K-1)

— inconsistent results

 variant: train K SVMs simultaneously (large problem!)
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One-vs-One

* Training
— train K(K-1)/2 binary classifiers, one for each pair of classes

* Prediction

— select class with max number of votes

* Problems
— inconsistent answers
— huge training cost

— huge prediction cost
* variant: DAGSVM

— extension: error-correcting codes
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SVM Regression Error Function

* Linear regression regularized error function
N

1 s A 5

5 Z {Un — tn} + §HWH

* e-insensitive error function

E.(y(x) —t) = { 0, if [y(x) —t] <&

ly(x) — t| — €, otherwise

* e-insensitive regularized error function

N
1
C> " Ey(xn) = ta) + 5w
n=1
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e-Insensitive vs. Quadratic Error
E(z)

—€ () € &<
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SVMs Regression Formulation

e Slack variables

— two slack variables for each data point
* e-tube
— targets must lie with the e-tube (plus/minus slack)
tn, < yxn)+e+é&,
e > y(xn) —e—&,
* SVM quadratic programmmg
— minimize CZ ¢, +£n _”WH2

n=1
tn

— subject to £, >0and &, > 0 .
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 28
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e-Tube Example

y() Y+ €

>

X

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 29



SVM Lagrangian

* SVM Lagrangian

L =

—Zan(e

n=1

 @Gradients to zero

oL 0 = 3
_— = W =
ow

n=1
oL al

chwsn

JrgnJFyn _tfn) T

N

S IWI? = 3 (b + i)

n=1

aﬂ(e + gn — Un + tn)

] =

n=1

oL
— =0 n n —
9E, = an+ i C
oL

=0 = a,+u,=0C.
86’”

M. G. Lagoudakis
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SVM Dual Lagrangian

* SVM dual Lagrangian

— maximize
] N N
L(av a) — _5 Zl Z:l(afn — an)(am — am)k(xnaxm)
N N
—€ Y (an +@n) + Y (an —an)tn
n=1 n=1
— subject to
0<a, <C
0<a, <C

— box constraints!
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SVM Regression Prediction

* Prediction

N
y(x) = Z(@n — an)k(x,xn) + b
n=1

* Observations
— from KKT conditions an(€+&n +yn—tn) = 0
— non-zero coefficients an (€ + En —Yn+tn) = 0
for points outside the tube (C —ap)é, = 0
or on the tube boundary (C - an)gn _ 0

— for each data point,
one coefficient is zero (or both)
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v-SVM for Regression

* v-SVM dual Lagrangian

— maximize

N | NN
L(a,a) = -5 Z Z(an — ) (A — W ) k(X s X))

— subject to

n=1
N
> (an +an) <vC

n=1
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SVM Regression Example

Gaussian
kernels

0 1

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 34



:* ) **; Operational Programme EZ"A

Human Resources Development, _=_20]4 2020

Education and Lifelong Learning
European Union
European Social Fund Co-finance d by Greece and the European Union

* *
* 4 %

Graduate Course on

Machine Learning

Lecture 17

Relevance Vector Machines

- s -

_“r )r.

\' juc ECE,.xSp:rmg ,2023'




Today

 Relevance Vector Machines
* RVMs for Regression
e RVMs for Classification
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From SVMs to RVMs

* SVM limitations
— no probabilistic interpretation of the output
— no natural extension to multiple classes
— difficulty in tuning key parameters (C, v, €)
— kernel functions must be positive definite
— solutions are not so sparse

* Relevance Vector Machines (RVMs)
— Bayesian sparse kernel technique
— applies to both regression and classification
— overcomes the principal SVM limitations
— leads to sparser solutions with comparable generalization

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 4




RUUYsIQf Regrefiony

- o~ o =2 . ' —
: 4 / of . - - - .-
. — : ‘/"L‘.‘__—)/J(ld
— o~ - .

p  com——— )
- S— 2 -

—— -t',;‘ . ~
v ?‘(({( --.711!(,‘-‘ /I;’?'f.”“:
g

o~ ~(‘_-A-‘




RVM Regression Model

* Linear regression model

— for some noise parameter 3 and a set of basis functions ¢,
the predictive distribution is

p(tlx,w, B) = N(tly(x,w), 57")
y(x, w) = w' ¢(x)
* RVM regression model
y(x) =Y wnk(x,%,) + b
— atotal of M = N+1 parametné:rls (w,,=b)
— no restriction to positive definite kernels

— kernels are utilized as basis functions (features)
— no necessity for centering on the data points
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Recall: Bayesian Linear Regression

* Common conjugate prior over w
p(w) = N(w|0,a™'T)
* Likelihood N
ptX,w,3) = | | N(ta|w " p(xn), 37) = N(t|@w, 371)

n=1

e Posterior
p(w|t):N(W|mN,SN) my = ﬁSN(I)Tt
Sy = oI+ p3e'®
e Reminder: General case
p(W\t):N(W\mN,SN) my = Sy (So_lmo—l-ﬁtf[)Tt)
Sy = Syl+pele
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RVM Probabilities

e Likelihood
N
p(t|X, w, 8) = | [ pltnlxn, w,8) =
n=1
e ARD Prior

n|w o (xn), )

||,:]2

p(w|a) = HN (w;]0, a; ")
— zero-mean Gaussian with a dlfferent precision for each weight
— most precisions go to infinity, giving zero weights (sparsity)

* Posterior
p(wlt) = N(w|m,S) m = [SP®'t
S = A+pe'®

— @ is the NxM design matrix with ® _, =1 (could be K), A = diag(«,)
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Recall: Maximizing the Evidence

* Iterative maximization
— give arbitrary values to « and 3 and iterate until convergence
— step I: given o and (3, compute yand m

my = 3Sy®'t

A
T ; a4+ A;
— step Il: given y and m, compute o and 3
a = J
m%mN
N

1

Xn))2
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Evidence Approximation for Parameters

* Marginal likelihood
pX. . 9) = [ X, w. G)p(wla) dw

* Log marginal likelihood

nptlX,a,8) = InN(t0,C)
1
= 5 {N111(27r) + In|C| + tTC_lt}

* [terative estimation

C=p""T+®A'®"

O51_1ew _ Yi 1m = BS(I)Tt
1 2
mi S—l — A—I—ﬁq)Tq)
B 2
[t = $m| i = 1— ;5

e

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 10



RVM Predictive Distribution

° Prediction

— given the optimized hyperparameters o™, 5*

p(t|X7X?tja*?/6*) — \/\p(t|xjwﬁ/8*)p(wX7t7a*7/8*) dw
= N(t|mT¢(x),02(x)).

— wWhere
= B*S®'t

S — (A*+B*<I>T<I>)_1
o’(x) = (B)7'+o(x)"'Se(x)

=

— many points have zero weight and can be omitted

— points with non-zero weight are called relevance vectors
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RVM Regression Example

Gaussian
kernels

—1F

0 . |
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Comparison to SVM Regression

Gaussian
kernels

0 1
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Comparison: RVM vs. SVM

1.0 1
0.8
0.6
0.4
0.2
0.0
-0.2
=-0.4 . . - . : . .
-1.5 =1.0 =0.5 0.0 0.5 1.0 1.5
0.2
) 0.0
Gaussian
kernels =021
with y=0.30 o

=15 -1.0 -0.5 0.0 0.5 1.0 1.5
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RVM Logistic Regression Model

* Logistic regression model
— for targets t in {0,1}

p(Cilx, w) = y(x,w) = o (W' p(x)) = 1+ exp (iWTG’ﬁ(X))

* RVM logistic regression model

N
y(x,w) =0 (Z wrk(x,x,) + b)

n=1

— a total of M = N+1 parameters (w,, = b)
— kernels are utilized as basis functions (features)

e ARD Prior y
p(wla) = HN(wz‘IO,oa‘l) = N (w[0,A™)

)
=1
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Posterior

* Posterior
— integrating out w for the predictive distribution is intractable!

— idea: apply Laplace approximation!

* Log posterior
Inp(wlt,a) = In {p(tjw)p(w|a)} — In p(t|cx) Yn = o(W',)
N
= S {talny, + (1— ) In(1 — y)} — ;wTAW + const

n=1

* |IRLS for the mode w* and the negative Hessian
Vinp(wlt,a) = ®T(t—y)— Aw who= ATI® (t-y)
VVhpwita) = — (2 B®+A) ¥ = ('B®+A)

1

— Bis a NxN diagonal matrix with elements b, =y, (1-y,)
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Evidence Approximation

* Laplace approximation
p(wla) ~ N (w|w*, %) w' o= ATI®(t-y)
> = ("B®+A)
* Marginal likelihood
ptla) = [ pltiw)p(wla) dw
~ p(t{w*)p(w*|a)(2m)M/2 =]/
* |terative estimation

I.leW — ’Y‘?,

: "2 Vi =1 — o2

(w;

* Log marginal likelihood

t=dw* +B l({t—y)

1 N I
Inp(tla) = -5 {Nln(?’n') +In|C| + (t)TC_lt} C—B+ dAPT
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RVM Cla55|f|cat|on Example

0_

Gaussian
kernels
with y=0.45

2t

-2
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RVM Posterior Probabilities

0

Gaussian
kernels
with y=0.45

-2

-2 0 2
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Comparison to v-SVM Classification

0

Gaussian
kernels
with y=0.45

-2

=2

M. G. Lagoudakis
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Comparison: RVM vs. SVM

RVM, nerr=17, nsupport=12

2 i
1 - ‘ » % =
* ?", 5 "@' SVM, nerr=22, nsupport=65
o
0 & »
_1 -
_ 3
Gaussian -1 -
kernels
with y=0.30

M. G. Lagoudakis
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RVM Multi-Class Classification

* Prediction

— K models, one for each class, combine using softmax
exp(ax)
Yy (Xx) =

> explay)

J

ap = W, X

* Log likelihood
N K
lnp(T‘Wl, C e :WK) — H H y;nkk

n=1 k=1

— 1-of-K coding for each data point

— Laplace approximation to optimize the hyperparameters

— mode and MKxMK Hessian found through IRLS

— cons: additional factor of K to computational cost of training
— pros: sparser models, faster prediction, no cross-validation
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Today

* Principal Component Analysis
* PCA Applications
* PCA for High-Dimensional Data
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Motivation

e Synthetic data

— embed a 64x64 image of a handwritten digit into 100100
— random choices in x-translation, y-translation, 6-rotation

3 03%3 1

 Dimensionality
— each resulting image is a point in a 10,000-dimensional space

— however, there are only three degrees of freedom of variability
— data live in a non-linear manifold of intrinsic dimensionality 3
— question: is it possible to identify these intrinsic dimensions?
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Principal Components Analysis (PCA)

* PCA

— technique for dimensionality reduction, lossy compression,
feature extraction, data visualization, ...

— also known as the Karhunen-Loeve transform

* Definitions

— orthogonal projection of the data onto the lower-dimensional
principal subspace, so that variance in projection is maximized

— linear projection that minimizes the average projection cost
(mean squared distance between data and their projections)

 Data and Goal
— {x,}, n=1,...,N, of dimension D projected to M<D dimensions

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 5



PCA Projection Example

A /u1
L2

>
L1
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Maximum Variance Formulation

— for M=1, select a D-dimensional unit vector u, (u;Tu,=1)

* Means and variance
— the projection of data pomt x,, onto vectoru, isu;Tx,

— sample mean x = an and projection mean u’x

— variance of projected data
1 ) 1 —
N Z {ufx, —u{x} =ufSu = Z _x)T
n=1 n—=1
* Optimization
— form Lagrangian: u{Su; + )\ (1 —uju)

— set derivative to zero: Su; = A\;u; and multiply by u,T: u Su; = )\
— variance maximized for u, = eigenvector of largest eigenvalue

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7



Maximum Variance Formulation

* Generalization
— incrementally ...
— ... choose a new orthogonal direction compared to previous
— ... maximizing the variance in the projection
* Algorithm
— compute mean and covariance matrix S of the data
— find the M eigenvectors of S from M largest eigenvalues
* Complexity
— full eigenvector decomposition of DxD matrix : O(D3)
— power method (only largest M eigenvalues/vectors): O(MD?)
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Minimum Error Formulation

— complete, orthonormal D-dimensional basis {u;} (u;Tu,=0,,)

* Projection b
— data can be re-written as Xn = Zamu@ where Qnj =X, 1,

1=1
— approximate the full projection using only first M dimensions
D M

Xy = Z (X;l;u?;) u; Z Znil; + Z b;u;

1=1 =M +1

— {2,,;} for each data point, {b,} constants common for all data

* Optimization
— squared error: J =+ Z I%n — Xn|”
— setting derivative wrt znj to zero: Znj = Xp U,
— setting derivative wrt bj tozero: b, =x'u; X = N ; Xnp,

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 9



Minimum Error Formulation

o Substitution

—Xn— Z { —E)Tui}ui

1= M+l
NZuxn X% = NZ Z xTu; — %) Z ulSu,
n=11=M-+1 1=M+1

— must minimize wrt {u,} under the orthogonality constraints
* Optimization

— Lagrangian for two dimensions: J = ulSu, + A, (1 —ujuy)

— set derivative to zero: Su2 = AWz in general: Su; = A,

D
— squared projection error: j — Z A,

i=M-+1

— minimized when choosing the D-M smallest eigenvalues

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 10
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PCA Approximate Representation

* Data approximation
— each data point x,, can be approximated as

X’I’L

= X+ E (Xgﬁh-—fleh)lh

M
— E Xuéué—i— E Xu,,
i=1

i=M+1

D
E:xuZ

1=1

— approximate representation is M-dimensional

— need to keep the mean of the data and the M eigenvectors
— O(NM+D+MD) space for N data points
— compare to original O(ND) space requirement

. Lagoudakis

TUC ECE, Machine Learning, Spring 2023
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PCA Compression Example

* Principal components

— data set: images (28x28=768 pixels) of the handwritten digit 3

Mean A\ =3.4-10° Ao = 2.8-10° g =2.4-10° A =1.6-10°
3 - = - -
_ =~ - . o7
* Reconstruction
Original M =1 M =10 M =50 M = 250
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PCA Compression Example Error

x 10
3
J 3
5 )
a > .
O 1 L
0 200 400 600 M
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PCA on Human Faces

.EE%

mean principal basis 1

e

principal basis 2 principal basis 3
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PCA Data Preprocessing

e Standardizing the data
— linear scaling: each variable has zero mean and unit variance

— standardized data covariance matrix
N _

1 (ni — i) (Tn; —5)
Pij = N Z or O

n=1 v J

— p;; = 1 for perfect correlation, p;; = 0 for no correlation

* PCA standardization (“data whitening”)
— standardizing data + different variables become decorrelated

N N
SU = UL % Zynyg = % Z L*I/QUT(XH _ i)(Xn o E)TULfl/Q
n=1

n=1

= L YPUTSUL'/? =L7'?’LL™'/? =L
yn = L7120 T (x,, — X)
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PCA Data Preprocessing Example

100
90
80|

70|
60
S0}
40 |
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PCA vs. Fisher’s Discriminant

' Fisher
1.5 B - .ﬁ. o
05+ .

Or R PCA T
—-0.5¢}. S L
-1 . e S ﬁ' o .:.:° .
—1.5¢ ) “e ots “ .

-2

-5 0 5
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PCA for High-Dimensional Data

* Less data than dimensions
— data sets with fewer data points (N) than dimensions (D)
— example: a few hundred high-resolution color images
— N<D defines a linear subspace with dimensionality at most N-1
— in this case, at least D-N+1 eigenvalues are zero!

— but ... the naive computational cost of O(D3) is prohibitive!
* Reducing complexity
— define NxD matrix X with rows (x, —%)*

— covariance matrix S = N 1X'X N 2

— eigenvector equation %XTXU?: — \u = %XXT(Xu?;) = \(Xuw;)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 20



PCA for High-Dimensional Data

* Subspace %XXT(X“@') = Ai(Xui)

— define v; = Xu;
1
- then NXXTV?; = )\?;VZ'
— eigenvector equation for the NxN matrix N-1XXT

_ . . . . 1
retrieve the original eigenvectors /_XTX> XTv,)| = AE(TVZ_)

— multiply from left with X* \ v
— also, need to normalize to unit length u, = ! XTv,
(NX)V/?
* Approach

— find eigenvalues and eigenvectors of matrix N !XXT
— retrieve the eigenvectors of matrix S
— computational cost O(N3) instead of O(D?3)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21



Operational Programme EZ"A

Human Resources Development, =_20]4 2020

Education and Lifelong Learning

European Umon
Co-finance d by Greece and the European Union

Graduate Course on

Machine Learning

Lecture 19

Probabilistic PCA
- I(‘er“nel PCA

o — / -

‘
-

-

\ . \jUCECE Sprmg,ZOZB'/” >

1 } >




Today

* Probabilistic PCA
* Bayesian PCA
e Kernel PCA
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Probabilistic vs. Conventional PCA

* Conventional PCA
— linear projection of data onto subspace of lower dimensionality

* Probabilistic PCA
— maximum likelihood solution of a probabilistic latent model

* Advantages of probabilistic PCA
— can be viewed as a constrained form of Gaussian distribution
— a computationally efficient EM algorithm can be derived
— missing values in the data set can be treated
— mixtures of probabilistic PCA can be formulated
— can be used to model class-conditional densities (classification)
— can be used as a generative model to provide samples
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Probabilistic PCA Formulation

* Assumption

— all marginal and conditional distributions are Gaussian

* Principal subspace
— define latent variable z for the principal component subspace
— define a Gaussian prior p(z) over the latent variable z
p(z) = N(z]0,I)
— define a Gaussian conditional p(x|z) for observed variable x
p(x|z) = N (x|Wz + p, 0°T)
— the columns of W define the principal linear subspace
— the scalar 02 governs the variance of the conditional
— generative view (D-dim x from M-dimz): x=Wz + u + ¢

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 5




Probabilistic PCA Illustration

—-
2 z T Iy
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Recall Bayes’ Theorem for Gaussians

p(x,y) = p(y|x)p(x) = p(x|y)p(y)

* Given
p(x) = N (x|p,A7")

p(ylx) = N (y|[Ax+Db,L7")

N(y|Ap+b, L7t + AATTAY)
p(xly) = NEZ{A'L(y —b)+Au},%)

=
=
I

>»=(A+A'LA)!
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Bayes’ Theorem Application

p(x,2z) = p(z|x)p(x) = p(x|z)p(z)
* Given
p(z) = N (z|0,1)
p(x|z) = N (x|Wz+ p,o°T)
 we have
p(x) = N(x|WO0+ pu,c’ I+ WIW?!)
p(z|x) = N(Z\Z{WTJ_2I(X — ) + 10}, X0)
 where
>=I+W'oIW)™!
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Bayes’ Theorem Application

p(x,2z) = p(z|x)p(x) = p(x|z)p(z)
* Given
p(z) = N (z[0,I)
p(x|z) = N (x|Wz+ p,o°T)

* we have
) = NEp, o’ T+ WWH)
N(zlo ?SW' (x — pn), )

P

p(
p(z|
e where

s
|

X=T+o0c°"W'W)!

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023
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Towards Maximum Likelihood

N(x|p, %) = (%;D/Q |211/2 exp {—%(X — )2 (x - u)}

p(x) = / p(x|2)p(z) dz

* Predictive distribution
— marginal of the observed variable x :
— Gaussian due to assumptions 5] — EWa e g
p(x) = N(X“J,’ C) C=WWT -4 e | covix] = E[(Wz+€)(Wz+e)']
. E[Wzz'W'| + E[ee'] = WW" + 071
— rotation redundancy
W = WR RRT = I

— inversion (A +BD'C)"' =A~' — A"'B(D + CA~'B)"'CA"!

Cl'l=0?TI-0c>WM 'WT M =W'W + ¢%1

WWT = WRR™WT = WWT

* Posterior distribution
— Gaussian PEX) =N(zlcT?TW!(x —p),X) %

= I+ *W'W) ! =M™

posterior covariance
independent of x

p(z[x) = N(z[M™'W* (x — p),0"M ™)
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Maximum Likelihood PCA

— data set X = {x,} of observed data points

N(xnlm C) = ch‘—lﬂ exp {—E(Xn - .U)TC_I(Xn - ,u)}

2

* Log likelihood N N
Inp(X|p, W,0°) = Zlnp(xn|W,u,02) = ZlﬂN(XMM’ C)

n=1

ND N 1

= —— - In@m) — 5 m[C] 5> (%n — ) C T (xn — 1)
* Optimization Y
— setting the derivative wrt pto 0:  pur, =X =N ;X”
— backsubstitution: Inp(X|W,p,0%) = —% {DIn(27) + In|C| + Tr (C™'S)}
— setting the derivative wrt Wto 0: Wy = Uy(Ly — o2DY2R
* L, MxM max eigenvalues of S, U,,: DxM eigenvectors, R: MxM rotation

— setting the derivative wrt 02 to O: > 1 ZD: \

OML = D— M
e average variance of discarded dimensions i=M-+1

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 11
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Observations

 Rotational invariance

— the predictive density is independent of latent space rotations
— for R=I, columns of W are eigenvectors scaled by v A; — o2
— additive variances, for convolution of independent Gaussians

— variance in direction of eigenvector u, has two contributions

* a component from the projection of a unit-variance latent subspace
* anisotropic contribution added to all directions

e Data covariance C=WW' +:°1 Wy, = Uy (L — ¢’T)/°R

— variance of predictive distribution along unit vector v: v'Cv
» orthogonal to latent subspace: v'U =0 viCv = o7
* parallel to retained eigenvector: v =u; vT'Cv = (\; — 0?) + 02 = )\

— extreme M=D: C = U(L — ¢’I)'/?RR"(L — ¢°1)'/?2U" + 0’1 = ULUT = S
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Observations

* Projection
— conventional PCA projects points from D-space to M-space
— probabilistic PCA can reverse the mapping (Bayes’ theorem)
— points in data space can be summarized by
« meanin latent space E[z|x] = M "Wy (x — X) M =W'W + o°1
e covariance in latent space s2M !
— in limit ¢ — 0, orthogonal projection: (W, Waw) ™ Wy (x — X)
— 02 — 0 : the standard PCA model, +2 > 0: shifted towards origin
* Multivariate Gaussians
— in general, D parameters for mean, D(D+1)/2 for covariance
— full independence: D for mean, D for covariance, but loss!
— probabilistic PCA: DM + 1 — M(M-1)/2 degrees of freedom
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Choosing M

* Ad-hoc
— M=2 for visualization
— check the eigenvalue spectrum and choose cut-off

* Cross validation
— try various values of M and evaluate using cross validation
— select M giving the largest log likelihood on validation set
* Bayesian approach
— marginalize out the model parameters u, W, and o2

— variational framework to approximate hard marginalizations
— evidence approximation, for large data set and peaked posterior
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Automatic Relevance Determination

* ARD prior
— independent Gaussian prior over each column of W

— each Gaussian has its own precision hyperparameter «,
M

ey D/2 1
p(Wla) = H (%) exp {—§a{,;w,?w?;}

i=1
* Optimization
— values of a; are found iteratively
— maximizing marginal likelihood after integrating W out
— most «;, are driven to infinity and corresponding w; to zero
— sparsity: number of finite-valued «, gives value for M
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Laplace Approximation

* Marginal likelihood
p(Xlaxpt.0?) = [ DXIW, 1,0%)p(W]ao) dW
— no prior for u and o2, parameters to be estimated

. Iteratlve optimization (EM)

E[z,] = M~ lWT(xn—X)
E[z,z,] = o°M ' +E[z,]E[z,)" E-step
new __ D
i B Wnewgwnewi
A = diag(«a;)
N N —1
W,ow = [Z(xn — %X)E[z,]" [Z Elz,z'] 4+ 0%A
n=1 n=1
M-step 1 X
2 - =2 Txx7T = T
Thow = KD 2 (||xn |2 — 2E[2,] "W (x,, — %) + Tr(E[z,25|W W))
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Bayesian PCA Example (W)

ML probabilistic PCA Bayesian PCA
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From Conventional to Kernel PCA

— data set X = {x,} of observed data points in D dimensions

— assume that the sample mean of the data is zero: )" x, =0

 Conventional PCA
— principal components defined by the eigenvectors u, of S

N
1
u;fu,,; =1 Suz- = )\3'113' S = ﬁ Z;ang
n—

e Kernel PCA

— non-linear transformation ¢(x) to M-dimensional feature space
— assume that sample mean of projection is zero: >_, ¢(x.) =0

— standard PCA in feature gives nonlinear components in input
N

1

Ty, — R _ T
vV, V; = 1 CV@ — /\zvz C= N ZQb(Xn)Q‘b(Xrn)

n=1
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Kernel PCA lllustration

35‘2‘
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Kernelization

N
viv, =1 Cvi = Av, C=— > 9l p(x)’
— the M eigenvectors v, of C

1 o N
N Z Q”(Xn) {Cb(xn)TVi} — /\in‘ V; = Z&mqb(xn) A >0

n=1 1 N N n=1

N Z Z a1m¢(xm = A\ ZCLG(p Xn
n=1 m=1

— kernel function k(xmxm) = P(xn) " P(xm)

N

1

Nzlk(xlaxn Z&am Xruxm —
n—=

m=1

LrL XE: sz

an

— NxN Gram matrix K K?a; = \;NKa;

— vectors a,; with a;,, n=1,...,N Ka, = \,Na,
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Principal Component Projection

 Coefficient normalization

1= V?V’i — Z Z az’na?}m¢(X-'rL)T¢(X*rrL) — aq;TKa?l — /\z'Na,&Tai

n=1m=1

* Projection N N
yi(x) — qb(X)T Zazngb Z X Xn

n=1

— at most D linear principal components in input space

— at most M linear principal components in feature space

— the dimensions of feature space (M) may exceed D (infinite?)
— the number of non-zero eigenvalues cannot exceed N

— thus, at most max{M, N} principal components in feature space
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Zero-Mean Assumption in Feature

_% > o(x) (xm) + % D2 ox;) ¢(x)

1 N Evaluate the new Gram matrix
= k(Xn,Xm) — N Z k(x, Xm) and perform PCA
=1 on the new Gram matrix!

K=K-1yK—-Kly +1yKly 1,: NxN matrix with elements 1/N
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Kernel (Gaussian) PCA Example

Eigenvalue=21.72 Eigenvalue=21.65 Eigenvalue=4.11 Eigenvalue=3.93

Eigenvalue=3.66 Eigenvalue=3.09 Eigenvalue=2.60 Eigenvalue=2.53
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Properties

° Pros
— use of a large library of kernel functions

— non-linear projections in input space
* Cons

— performing PCA on a NxN matrix, as opposed to a DxD matrix

— in practice, approximations are used

e Compression? L
— PCA: approximate with L<D eigenvectors Xy = Z (xpui) uy

1=1

— ¢(x) maps x in D-dimensional manifold in M dimensions

— projection of points in feature space onto linear PCA subspace
may not lie on that D-dimensional manifold! no pre-image x!
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Recall: Machine Learning

* Supervised Learning
— set of training data with inputs and targets
— classification, regression, ...
* Unsupervised Learning
— set of training data with inputs, but without targets
— clustering, density estimation, dimensionality reduction, ...
‘e Reinforcement Learning )
— set of training trials of interaction with feedback by a critic
— value function, decision policy, exploration vs. exploitation, -
* Learning Theory
— theoretical investigations: what can be learned? how fast?
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Today

* Decision Making under Uncertainty
— Sequential Decision Making
— Markov Decision Process (MDP)
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Sequential Decision Making

Action

State
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Planning or Learning?

Planning Learning

Action

State
Known Model Unknown Model
Uncertainty in the process Uncertainty in the process

and about the process
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Decision Making for a Purpose

Action

Reward

State

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7



Navigation in the Grid World

— 11 states
— 4 actions —
— uncertainty
— collisions 2
— r =+1 terminal
— r=-1terminal 1 [ START
— r=-0.04/ step

* Classical planning
— deterministic plan: [Up, Up, Right, Right, Right]
— probability of success: 0.8°> + 0.14 x 0.8 =0.32776

* Grid World "EE]EEEE*

0.8
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Plan Execution [, 1,=,~,~]

+1 +1 0.64 +1
] 0.8 =] || 024 =]
1.0 01 | 01 - 0.02 | 009 | 0.01
0.088 | 0.512 1 ??? | 2?22 |o0.4097| 3 ?? | 222 | 222 [0.32776
0.258 0.001 | [=] || 2?2 ??? | o0.0016|| ??? ?? |
0.026 | 0.034 | 0.073 | 0.008 22 | 2 | o | 2 || 2| 2 [ 22 | 2
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 9




Optimal Policies

* Policy nt
— action choice (decision making) in every possible state

* Optimal policy n*

1 > | | >
=) |4 W=

3 o — — +1
0 ? f ~ R(s) < —1.6284 —0.4278 < R(s) <—0.0850
T [=| F =

1 2 3 4 4""*+++*

R(s)=-0.04 ~0.0221 < R(s)<0 R(s) >0
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Optimality Metrics

e Horizon

— finite = non-stationary policies

[— infinite = stationary policies ]

* Stationary metrics over state sequences

— additive rewards
* U, ([sq S1, Sy---1) = R(sp) + R(s;) + R(s,) + ...

— discounted rewards A
* Up([Sg, Sy Sp---]) = R(Sg) + VR(S;) + V2R(s,) + ...
. ° discount factor y in (0,1] Y

— average reward
* Uu([so, Sy Sy--]) = limy_ [ (R(Sg) + R(s;) + R(s,) + ... + R(s7) ) / T
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Markov Decision Process (MDP)

- MDP(S,A,P,R,y, D)
— S: state space of the process
— A: action space of the process
— P: transition model, P(s’ | s, a)
— R: reward model, R(s, a)
— y: discount factor, 0 <y <1
— D: initial state distribution

* Markov property
— next state and reward are independent of history

note: the reward model can also be defined as R(s) or R(s,a,s’)
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Simple MDP: Grid World

 Grid World

— |S| =11 (all cells except [2,2]) 3 1
— 1Al =4 (N, & =)
— P(s” | s, a) 2 (=]
* non-zero probability of transition
to at most 3 other states 1 | sagt
* zero probability to all others
— R(S, a) 1 2 3 4

e R=+1o0or R=-1interminal states independently of the action
e R=-0,04 in all other states independently of the action

— v — 1
— D : probability 1 for [1,1], probability O for all others
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Simple MDP: Recycling Robot

1. R wait

1B, -3

B R search
b
search

1, 0 recharge

18 wailit
o. R search 1—0‘ R search 3
7 ’

[Sutton and Barto, 1998]
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Yet Another Example MDP
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MDPs

* Episodes

] ﬁ'.":—j
S) —— §] —— S9 ——— 83 ... Sp_1] — S

o r1 ro Th_1

an il 1 (>

* Expected total discounted reward (utility)

(e o~ ~2 e ~D N
E (';l ” —|_ .lr:'?]_ —|_ I,’: }2 —|_ Jr" }3. —|_ e —|_ Ilr" }h)

* Optimization goal

h
.. t
Maximize Eg p: g,~7: s;P: riR ( > A're | so = s)
t=0
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Policies

* Deterministic policy
T:S— A
* Stochastic policy
T:S+— Q(A)
* Expected total discounted reward (utility)

h
t —
ESND; a~T; Sg~P; ri~R (Z YTt | SO — S)
t=0

* Optimal policy

h
* t -
T = arg max FsaD: aymm; si~P; re~R (Z Yre | s = S)
t=0
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Value Functions

e State Value Function V

h
t
Vﬂ-(s) — Eatww; si~Prri~R (Z YTt | S0 — S)

t=0
m(s) m(s1) m(s2) m(Sh—1)
5 —— 5§11 —— SS9 —— 83 ... Shp—1 — Sph
ro r1 ro Th_1

e State-Action Value Function Q

h
t

t=0
a m(s1) m(s9) m(Sh—1)
§ ———> §1 —— 89 ———— 83 ... Sp_1 - Sy,
o - ro rh_1
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Example: Grid World

State Value Function V(s)

| 4 V| =
3 | 0812 | 0.868 | 0.918 +1
1 f - - -
1 2 3 4
. 2 | 0.762 0.660 —1
Policy mt(s)
1 | 0705 | 0.655 | 0.611 | 0.388

1 2 3 4
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Bellman Equation for V

m(s) m(s1) m{s2) m(Sp_1)
S —— 51 —— 9 — 83 e Sh—1 —— Sh
To ri ro 1

VT(s) =R(s,m(s)) 4~ Y P(s,m(s),s) VT(s')
first step s'€S
su bsequgnt steps

o

V’]T — R’ﬂ' _I_ ,YP’JTv’]T

— a linear system of size (|S|x|S|) with unknowns V™
— can be solved directly or iteratively

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 20



Bellman Equation for Q

I

a T(s ) m{S9 ) T(Sh—1)
s — ¢ —— 59 — S3 ... Shp—1 > Sh

Ris.a) T To Th-—1

Q" (s,a) = R(s,a) +v Y P(s'ls,a) Q7 (s, n(s"))

first step s’'eS

>

subseq ugnt steps

Q" =R + ~PII:Q"

— a linear system of size (|S| |A|x]|S||A|) with unknowns Q™
— can be solved directly or iteratively
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Greedy Policy Improvement

* Improved (greedy) policy over V

7' (s) = arg r;]ea}l( {R(S, a)+v > P(s'|s,a) VW(S/)}

s’'eS
Vs € S, VW,(S) > V7™(s)
* Improved (greedy) policy over Q

7' (s) = argmax Q7 (s, a)
acA

Vs €S, Qﬂl<s,7r'(s)) > QW(S,TF(S))
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Greedy Policy Improvement Example

R(s, a;)=1 o 5 V(s,) = 10 0.7 R(s a,)=0.5
o 5 V(s,) = 0. 3

r'(s) =argmax{ 1+ 1 x (0.5x10+0.5x5), 0.5 + 1 x (0.7x10+0.3x5) } = a,

Q"(s, a;) = 8.5 Q"(s, a,) =9.0

1’(s) = argmax{8.5,9.0 } = a, /
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Bellman Optimality Equation for V

;o T (s) " (s2) ™ (sn_1)
S _-—__>, S T S99 ————— 53 ces Sh—1 Sh
R(s,a) 1 T2 Th—1
4 )

VW*(s) = max{ R(s,a) + Z P(s,a,s’) VW*(S/) >
first step s'es ,
X subsequent steps )

— a non-linear system of size (|S|x|S|) with unknowns V'
— can be solved iteratively
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Bellman Optimality Equation for Q

;7 (s) " (s2) " (sh—1)
OS' _-—-_> !S _-—__> !52 _-—__> FSS L 'FS '.]1. J— 1 > "S III,.
R(s,a) 1 T2 Th—1

QT (s,a) = R(s,a) +v >_ P(s'|s,a) max QT (s',ad")

first step s'eS

>

subseq ugnt steps

— a non-linear system of size (|S||A|x]|S]||A|) with unknowns Q™
— can be solved iteratively
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Variations of Bellman Equations

VT(s) =R(s) +~ 3 P(|s, w(s)) V7 (s) R(s)
s'eS
VT (s) = R(s) —|—7m€ax Z P(s|s,a) VT (s’)}
s'eS
Q" (s,a) =R(s) +7 ) P(s|s,a) Q"(s', 7(s))
s'eS
QW*(s,a) R(s)+~ Z P(s|s,a) max QW a’)
s'eS

R(S, a, S,) VT(s) = Z P(s'|s, n(s)) (R(s,a, s+ 7V”(s’)>

s'eS
Vﬂ*(s) = ?eaﬁ({ Z P(s|s, a) (R(s, a,s’) + ’va*(S/)>}

s'eS
Q™ (s,a) = > P(s|s,a) (R(s,a,) +1Q7(s, 7(s)))
s'eS
Q™ (s,a) = Z P(s'|s, a) kR(S,a,SI) +~ymax Q™ (s, d )
s'eS a'eA
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Spectrum of Sequential Decision Making

Collaboration Competition
Single
agent
Multi
agent Team MDP Team Zero-Sum Markov Game
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Applications of MDPs

*Economics/Operations Research *Al/Computer Science
—Fleet maintenance (Howard, Rust) —Robot control (Koenig & Simmons, Thrun
—Road maintenance (Golabi et al.) et al., Kaelbling et al., ...)
—Packet retransmission (Feinberg et al.) —Air campaign planning (Meuleau et al.)
—Nuclear plant (Rothwell & Rust) —Elevator control (Barto & Crites)
*EE/Control —Computation scheduling (Zilberstein et al.)

—Missile defense (Bertsekas et al.) —Control and automation (Moore et al.)

_Inventory management (Van Roy et al.) —Spoken dialogue management (Singh et al.)

—Football play selection (Patek & Bertsekas) —Algorithm selection (Lagoudakis et al.)

*Agriculture *Telecommunications

_Herd management (Kristensen, Toft) —Cellular channel allocation (Singh & Bertsekas)

—Network routing (Boyan & Littman)
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Today

* Planning under Uncertainty
— solving MPDs
— value iteration
— policy iteration
— linear programming
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Value Iteration

* |dea
— iterative solution of the Bellman optimality equations
— extraction of optimal policy through greedy improvement

 Value Iteration for V

Vﬂ-*(S) = Teaﬁ( {R(s,a) +v ) P(s|s,a) VW*(S/)}

s'eS
* Value Iteration for Q

Q™ (s,a) = R(s,a)+v Y P(s'|s,a) max Q™ (s',a’)
s'eS a’€A

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 4



Value Iteration for V

Value Iteration for V (S, A, P, R,v, Vo, €)
// S . States
// A : Actions
// P : Transition model
// TR : Reward model
// ~ . Discount factor
// Vo : Initial value function
// € . Stopping criterion
VW
repeat
ViV
Vs €S, V(s) =max{R(s,a)+~ Z P(s'|s,a) V(s
acA S
until (||V —V/|| <€)
Vs €S, m(s) < argmax{ R(s,a) +v > P(s|s,a) V(s)
acA s'eS
return =
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Value Iteration for Q

Value Iteration for Q (S, A, P, R,v,Qo,¢)

// S . States
// A : Actions
// P : Transition model
// R : Reward model
// v . Discount factor
// Qo : Initial value function
// € . Stopping criterion
Q < Qo
repeat

Q + Q

¥(s,0) € 8 x A,Qs,0) = R(s,0) +7 3 P(/]s, ) max Q(s/,a
a'e

s'eS
until (/|Q — Q'|| <)

Vs €S8, w(s) +—argmaxQ(s,a)
acA

return =
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Grid World: Value Iteration

— y=1 and R(s)=-0.04 for non-terminal states
 Computation of V(s) for s=(1,1)

— V(1, 1) = max{ -0.04 +y[0.8V(1, 2) + 0.1V(2, 1) + 0.1V(1, 1)], 4
-0.04 +y[0.9V(1, 1) + 0.1V(1, 2)], «
-0.04 +y[0.9V(1, 1) + 0.1V(2, 1)], 3
-0.04 +y[0.8V(2, 1) + 0.1V(1, 2) +0.1V(1, 1)] } =

3 0.812 | 0.868 | 0.918
V™ (s) = max{ R s,a P(s,a,s V(s
() = max( R(s.a) +7 3 Ps.a.s) V()
first step ses )

subsequent steps | 2 0.762

0660 | [=1]

Best choice in state (1,1) ‘ 1 | 0705 | 0655 | 0611 | o0.388
is action UP
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Grid World: Value Iteration Convergence

— Grid World with y=1, R(s)=-0.04 for non-terminal states

1 (4.3)
e (3.3)
0.8 1
s e (%H
G 0.6 {1 (3.
g : et
o 0491 57 e (4,1)
2 A
= 0294 |
) | y
01 i/
x‘;-'w;' ]
-0.2
0 5 10 15 20 25 30

Number of iterations

M. G. Lagoudakis
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Convergence of Value Iteration

 Contraction f

— the images of f are “closer” to each other than its arguments
— contraction f: | f(x)-f(y) | <8 | x-y |, 6<1

* Contraction properties
— every contraction has a unique fixed point
— the image is closer to the fixed point than the argument

 Value iteration

— Bellman*: right-hand side of the Bellman optimality equation
— the Bellman* optimality operator is a contraction under | . |,

— | Bellman*(V)-Bellman*(V’) | <y | V-V |.,
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Errors in Value Iteration

1e+06 -
_?; 100000 -

* Value error o
— bounded reward function: [R(s)| <R,,,, Eow
— bounded value function: | V(s)| <R__ /(1-y) B
— maximum initial error: |V-V*| < 2R__ /(1-y) O et

— num of iterations N for error €: |_Iog(2RmaX/e(1-y))/|og(1/y)—|
— N increases exponentially as y goes to 1
— termination condition: |V.,,-Vi|, < e(1-p)/y = | V., -V*| . <€
* Policy loss
— | vm-v*| the largest loss if policy 1, is executed instead of rt*
— |v-v¥, <e = vV, < 2ep/(1-y)
— an optimal policy may be obtained before convergence
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Grid World: Error in Value Iteration

Max error

2 0.8 Policy loss --------
=
5
= (.6
2
QE Grid World
204 4 id We
5 with y=0,9
5
= 02 4

0

0 2 4 6 8 10 12 14
Number of iterations
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Policy Iteration

* |dea: iterate
— policy evaluation: solution of the Bellman equations
— policy improvement: greedy action selection

* Policy Iteration for V
VT(s) = R(s,n(s)) +~ > P(s'|s,x(s)) V(s")

s'ES

7’ (s) = arg max {R(S, a) +v ) P(ss,a) Vﬂ(sl)}
acA s'eS
* Policy Iteration for Q

Q" (s,a) =R(s,a)+7v ) P([s,a) Q"(s', ()

s'eS

7' (s) = arg max Q7 (s, a)
acA
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Policy Iteration for V

Policy Iteration for V (S, A, P, R,~,m0)

// S . States
// A : Actions
// P : Transition model
// R : Reward model
// ~ . Discount factor
// w0 : Initial policy
7T/<—7T0
repeat

w4

VT« (I —~PI:) IR

Vs €S, 7'(s) «+ argmax{ R(s,a) +~ > P(s'|s,a) VT (s")
CLEA S/ES
until (r = 7')

return «
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Policy Iteration for Q

Policy Iteration for Q (S, A,P,R,~,70)

// S . States
// A : Actions
// P : Transition model
// R : Reward model
// ~ : Discount factor
// w0 : Initial policy
7T/ <— T
repeat

I o

QT + (I —~PI) R

Vs €S, n'(s) + argmaxQ™(s,a)
acA
until (r = 7/)

return =
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Policy Iteration Extensions

 Modified Policy Iteration
— policy evaluation (solution of linear system) is expensive, O(|S|3)
— idea: partial iterative computation of V" or Q™
— small number k of Gauss-Seidel-type iterations, kO(|S]?)

VT(s) = R(s,m(s)) +~ > Pls,n(s),s) VT(s)

s'cS

Q" (s,a) = R(s,a)+7v ) P(s,a,5) Q7(s",m(s))

s'€S
* Asynchronous Policy Iteration
— idea: apply evaluation/improvement only to subsets of states
— significant decrease in computational complexity
— focus at points of interest
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Linear Programming Approach

* Ildea
— optimize the values of V subject to some constraints
— constraint: value V cannot be less than any Q value in each state
— objective: minimize each V to match the best Q value
* Linear program
— minimization of linear objective function (sum of |S| variables)
— subject to | S| |A| constraints (Bellman equation for V)
— solution: optimal value function V'
* Complexity
— weakly polynomial (pseudo-polynomial) algorithm
— polynomial in |S]|, |A|, and the number of bits B for accuracy
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Linear Programming MDP Algorithm

LP-MDP (S. A, P, R.7) Computes the optimal policy

S States
A Actions

// P : Transition model
R : Reward function
~ : Discount factor

minimize
> v
E8

subje{;t. to
Vi(s) = Ris,a)+~ Z P(s.a,s\V(s'), ¥Vs€8. Yae A
"'F"-)‘

Yse S, m(s) — argmax [R(s,a)+~ Z P(s.a.s" )V (s
acA S

return m
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Today

* Reinforcement Learning (RL)
— definition
— process modeling
— prediction and control

* Prediction
— Adaptive Dynamic Programming (ADP)
— Direct Utility Estimation (DUE)
— Temporal Difference (TD) learning
* Control
— SARSA
— Q-learning
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Reinforcement Learning

Action

State
Learn how to take actions in each state of the process
so as to maximize in the long-term the cumulative reward!

* reward reinforces good decisions (and penalizes the bad ones)
* |earn from experience: (state, action, reward, next state)-samples
* samples taken from the process or from a generative model
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Reinforcement Learning Setup

* Known
— states, actions, rewards

 Unknown
— transition model, reward model

* Goal
— a good (or even optimal) policy
* Significance
— learning without knowing what you are learning

— generic approach for agent design
— very hard problem
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Reinforcement Learning Problems

Prediction Control

Action Action

Reward

Reward

State State
Learn to predict the expected total Learn to control the process to
reward for a fixed action policy maximize the expected total reward
[ Passive Reinforcement Learning ] [ Active Reinforcement Learning ]
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Reinforcement Learning Methodology

Action

Reward Reward

model-based learning model-free learning
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Reinforcement Learning Environment

cooperative competitive

juage-39|3uls

juage-nNwW
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Process Modeling
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Markov Decision Process (MDP)

* MDP(S,A,PR,y, D)
— S: state space of the process
— A: action space of the process

— y: discount factor, 0 <y <1
— D: initial state distribution

* Markov property
— next state and reward are independent of history
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Value Functions

e State Value Function V

h
— t —
Vi(s) = Bgpoom; sy renR (Z vre | so = 3)

t=0
m(s) m(s1) m(s59) T{Sh_1)
S S 1 E— S 2 S,B PP S I‘-E — ]_ —_— iS' Ih
ro ry ro T 1

e State-Action Value Function Q

h
t

t=0
a m(s1) T{s9) T{Sh—1)
§ ——— §1 ——> 89 ——— 83 ... Sp_1 . Sy,
o - ro rh_1
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Value Function Representation

* Exact
— a table with a distinct value/entry for each case
— V :one entry for each s, O(|S]) space
— Q : one entry for each (s,a), O(|S| |A]|) space
— infeasible for realistic problems
* Approximate
— approximate the value function with a function approximator
— e.g. neural networks, polynomials, radial basis functions, ...
— need only enough space to store the approximator parameters
— equations and algorithms become harder to deal with
— convergence properties are compromised
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Linear Value Function Approximation

V7(s) = 3 widi(s) = ols) " w”

k
@W(Sa a) = Z w! ¢i(s,a) = (b(s,a)Tw7T
i=1

* Basis Functions (features) ¢
— non-linear, in general
— linearly independent
— weights/parameters w"
— k<< |S]| forVand k<< |[S||A]| for Q
— properties: easy to design, engineer, interpret, modify, debug, ...
— examples: polynomials, radial basis functions, tile coding, ...
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The Prediction Problem

* Given
— a fixed deterministic (or, stochastic) policy it
— experience samples (s,a,r,s’) [typically, a=r(s)]
* Goal

— to predict the performance of policy
— to evaluate policy

— to learn the value function V*(s) of policy

e State value function

00
_ t _
V7(s) = Esth; ar~T, Ti~R (Z Yre | so = 5)
t=0

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15



Adaptive Dynamic Programming

* Adaptive Dynamic Programming (ADP)
— model-based learning
— learns the transition model, P( s’ | s, ri(s) )

* transition frequency counting

— learns the reward model, R(s)

* running average for each state
— finds V* through the Bellman equation and the full model
— converges to the true model in the limit of infinite uniform samples

* Properties
— huge space complexity

— excellent use of samples
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ADP Performance

L (4.3) o
RS (3.3) 0.5
n 0.8 4~ R § P%) >
L M : =
2 g (L) S 04 -
2 0.6 L (3.2) 5
; 5 03
=04 5
- ‘g 0.2
0.2 01
0 ' . . ' . 0 . . . . .
0 20 40 60 80 100 0 20 40 60 80 100
Number of trials Number of trials
— fast convergence
— each sample takes significant processing time
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Trials in the Grid World

3 [f — | —= | — +1 3 | o812 | 0868 | 0.918 1

2 T 1‘ ml 2 | 0762 0.660 | | -1

1 t -— | -— | -— 1 | 0705 | 0655 | 0611 | o0.388
1 2 3 4 1 2 3 4

 Sample trials
— (1,1).04—(1,2)_04—(1,3)_0a—(1,2)_0a—(1,3).0a—(2,3).04—>(3,3)_04—(4,3) 1
— (1,1)05>(1,2)_04—>(1,3).04(2,3)_04>(3,3)0a>(3,2)_0s—>(3,3)_0s>(4,3) 4
— (1,1)_54—>(1,2)_05—(1,3)_04—>(2,3).04—>(3,3)_04—>(3,2)_o0s —>(4,2) 4
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Monte-Carlo Learning

Direct Utility Estimation [widrow and Hoff, 1960]
— utility = expected total (discounted) reward from state s

— each episode (trial) gives one sample for each state visited
* (1,1).04(1,2)_04—>(1,3)_04—(1,2)_04—>(1,3)_04—>(2,3).04—>(3,3)_0a—>(4,3)14
- 1 ™ T T ™ ™ T T
¢ 0.72 0.76 0.80 0.84 0.88 0.92 0.96 1 (y=1)

— estimation: mean of all samples for each state
— learning: maintaining a running mean for each state
— convergence to the true values in the limit of infinitely-many trials

Properties
— ignores the dependencies between values (Bellman equation)
— searches a larger space of functions and converges at a slow rate
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Temporal Difference Learning

e Basicidea

— local value update taking into account dependencies

— (linear) Bellman equation V7(s) =R(s,n(s)) ++ >_ P(s,m(s),s) V7 (s')
s'eS

* Temporal Difference (TD) Learning
— for each sample (s,a,r,s’)

VT(s) < V7(s)+alr+~4V7(s") = V7 (s))

— o = learning rate (decreased over time to avoid “oscillations”)
— if s’ is a terminal state, we typically consider V" (s") = 0

VT(s) < V7™(s)+ oz(r — V”(s))
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Temporal Difference Learning

VT(s) = R(s,m(s)) +~ Y P(s'|s,m(s)) VT(s')
s'eS V()

o)~

VT(s) < V7(s)+alr+~4V7(s") = V7 (s))
VT(s) < (1 —a)V7(s) + alr + V7 (s))
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21
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Temporal Difference Learning Algorithm

TD (D, 7, v, Vo, ag, o) // Learns V™ from samples
// D : Source of samples (s,a,r,s)
//m : Policy whose value function is sought
// 7 : Discount factor
// Vo o Initial value function
//  agp : Initial learning rate
// o : Learning rate schedule

Ve— Vg a—agt—10

for each (s.a,r,s') € D(n)
V() = V() +a(r+7V() = V(s)
a — (o, ap,t)
t—1t+1

return V'
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TD Performance

0.5
o
2 = 04
[
:
o | 5 0.3
= ' =
oy § 7]
= 2
= 5 0.2
02 - I:: Dl M
0 Ll 1 Ll L ¥ 0 T T T T 1
0 100 200 300 400 500 0 20 40 60 80 100
Number of trials Number of trials

— faster than DUE, but more oscillatory convergence
— advantage: no need to wait until the end of the episode
— advantage: each sample is processed in little time
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TD with Approximation

* Generic approximation

— generic (non-linear) approximation, e.g. neural network

— can only update the parameters of the approximator
— update the parameters according to the temporal difference
— use the gradient to determine the appropriate change

?(s;w“) w™ = (wi,wy,. .., wg)

OV (s; w™)

owT

(r + *y‘//\'(s'; w™) — V(s; w”))

update : w,; < w; + «

terminal : w] < w] + a@V({(}s;:} ) (’r' — ‘7(3, w”))
w;
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TD with Linear Approximation

* Linear approximation
— linear combinations of (non-linear) basis functions
— the gradient is easily computable

k
V(s;w™) = Zw?qﬁi(s) = ¢(s) Tw"
update . w,}T <— w,ZT -+ OKQbZ'(S) (74 + ’)/qb(S/)T’LUW o ¢(S)Tww)

terminal : w] < w] + ap;(s) (T -~ gb(s)Tw”)
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TD with Linear Approximation

//
//
//
//
//
//
//
//

S

=

- onl

¢

)

wo
v
T

TD-LA (D. 7, k., ¢, v, wo, ag, 7) // Learns V™ from samples

: Source of samples (s,a,r,s)

. Policy whose value function is sought
: Number of basis functions

. Basis functions

. Discount factor

. Initial parameters

. Initial learning rate

. Learning rate schedule

w+— wp, o +— g, t—0

for each (s,a,r,s) e D(m)

W — w4 o O(s) (?' + v (s")Tw — g*}(.ﬂ;}Tﬁ?)
o — oo, ag, t)
t—1t+1

return w

M. G. Lagoudakis
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The Control Problem

* Given
— experience samples (s,a,r,s’) from the unknown process

* Goal
— to learn a good (optimal, if possible) policy it

* Ildea
— a better policy can be retrieved from a state-action value function

e State-action value function ,
Qﬂ-(sj a) — Ea,tmﬂ'; StNP; fr'tNR Z ’Ytrt | SO — S5, CLO — a,)
. t=0
* (Improved) policy

7'(s) = argmax Q7 (s, a)
acA
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Greedy Policy Improvement

* Greedy (improved) policy over V

7' (s) = arg Max 4 R{Gea (s'|s,a) V”(s’)}

Vs € S, Vﬂl(s) > V7(s)
* Greedy (improved) policy over Q

7' (s) = argmax Q7 (s, a)
acA

Vs € S, QW/(S,W’(S)) > QW(S,W(S))
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Greedy Policy

— executes the best action according to the estimated value function
— non-optimal initial choices may disoriented exploration

— leaves areas of the state space unexplored!

— solution: optimistic initialization, exploration

A RMS error 3 — — — +1
2 1.5 Policy loss --------
-
.9
©
5o
S 2 ‘ 1 -1
o
%)
5 0.5

-LW#- """""""""""""""""""""" 1 > > 1 ‘

0 T T T T T T T T T ]
0 50 100 150 200 250 300 350 400 450 500

Number of trials 1 2 3 4
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Exploration vs. Exploitation

Exploitation
— use the greedy policy to maximize return in the short-term

Exploration
— choose random actions to discover things in the long-term
Exploration vs. Exploitation Dilemma

— exploration or exploitation?

Optimal balance
— Greedy in the Limit of Infinite Exploration (GLIE)

. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 31



SARSA (s,a,r,s’,a’)

e Main idea

— local update exploiting dependencies from the Bellman equation

Q" (s,a) =R(s,a)+~v > P(s']s,a) QT(s",w(s"))
s'eS
* SARSA [Sutton, 1985]

— for each sample (s,a,r,s’), where typically a=n(s):
Q(s,a) < Q(s,a) + a(r +yQ(s',7(s")) — Q(s,a))

— policy t gradually becomes greedy (typically, 1-€ exploration)
— if s’ is terminal state, the update (typically) becomes:

Q(s,a) «+ Q(s,a) + a(fr — Q(s, a))
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SARSA with Approximation

* Generic approximation architecture
— generic (non-linear) architecture, e.g. neural network
— only the parameters of the architecture can be updated
— update the parameters based on the temporal difference

— use the gradient to determine the appropriate change

Q(S,@;ﬂ)) w = (’LUl,’LUQ,...,wk)

update : w; + w; + aaQ(géué; w) (7“ -+ ’)/@(S’, (s’ );w) — @(S, a; w))
Q.0:0) (63, )

8wi

terminal @ w; +— w; + o
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SARSA with Linear Approximation

* Linear approximation architecture
— linear combination of basis functions
— the gradient can be easily computed

(s, a;w) szgbzsa H(s,a) w

update : w; +— w; + ag;(s,a) (7" +vo(s', w(s')) " w — &(s, a)Tw)

terminal : w; <+ w; + ap;(s,a) (7" — ¢(s, a)Tw)

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023
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SARSA Properties

* Advantages
— processes each sample immediately
— minimal update cost per sample

* Disadvantages
— requires a huge number of samples
— requires careful schedule for the learning rate
— poses constraints on sample collection (on-policy)
— requires careful handling on the policy greediness
— makes minimal use of each sample
— the ordering of samples influences the outcome
— exhibits instabilities under approximate representations
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Q-Learning

* Main ldea
— local update exploiting dependencies from the optimality equation

Q™ (s,a) = R(s,a)+v Y P(s'|s,a) max QT (s,a’)
s’'eS a’€A

* Q-Learning [Watkins, 1989]

— for each sample (s,qa,r,s’):

Q(s,a) < Q(s,a) + a(r+ ymaxQ(s',a’) — Q(s, a))

a’' €A
— if s’ is a terminal state, the update (typically) becomes:

Q(s,a) <+ Q(s,a) + a(r — Q(s, a,))
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Q-Learning with Approximation

* Generic approximation architecture
— generic (non-linear) architecture, e.g. neural network
— only the parameters of the architecture can be updated
— update the parameters based on the temporal difference
— use the gradient to determine the appropriate change

Q(s, a; w) w = (wy,wy, ..., w)
o0 : ~ A~
update : w; < w; + « Q(g’ a; W) (7“ + fymaﬁQ(s’, a';w) — Q(s,a; w))
w; a’e

I~

- 0Q(s, a; w) S
terminal : w; <~ w; + & o, ('r — Q(s, a; w))
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Q-Learning with Linear Approximation

* Linear approximation architecture
— linear combination of basis functions
— the gradient can be easily computed

(s, a;w) szgbzsa H(s,a) w

update : w; < w; + ad;(s,a) (fr + 7y max o(s’,a' ) w — &(s, a)Tw)

terminal : w; < w; + ap;(s,a) (7“ — (s, a)Tw)
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Q-Learning Properties

* Advantages
— processes each sample immediately
— minimal update cost per sample
— poses no constraints on sample collection (off-policy)

* Disadvantages
— requires a huge number of samples
— requires careful schedule for the learning rate
— makes minimal use of each sample
— the ordering of samples influences the outcome
— exhibits instabilities under approximate representations
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Today

* Prediction
— least-squares TD (LSTD)
e Control

— least-squares policy iteration (LSPI)
— rollout classification policy iteration (RCPI)
— extension to continuous action spaces

* Experimentation
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The Prediction Problem

* Given
— a fixed deterministic (or, stochastic) policy it
— experience samples (s,a,r,s’) [typically, a=r(s)]
* Goal

— to predict the performance of policy
— to evaluate policy
— to learn the value function V*(s) of policy

e State value function

00
_ t _
V7(s) = Esth; ar~T, Ti~R (Z Yre | so = 5)
t=0
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Temporal Difference Learning

VT(s) = R(s,m(s)) +~ Y P(s'|s,m(s)) VT(s')
s'eS V()

o)~

V7(s,)
V7T(s) < VT (s)+a(r+~yV™(s") —V7(s))
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Least-Squares Temporal Difference

— TD is trying to solve a linear system (Bellman) incrementally

* Ildea
— collect all data and solve the (sampled) Bellman equation at once
— the true value function satisfies the fixed point property

* Linear architectures
— try to find the best point in the space of approximator parameters
— enforce the fixed point property under orthogonal projection
— solution is a fixed-point approximation to the true value function
* Properties

— efficient use of all samples at once
— elimination of learning rate, schedules, oscillations, ...

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 6



LSTD Algorithm

for all (s,a,r,s") € D(m)
A—A + ¢(s) (c‘_-"} (8) —~o [_'.s-"}) !

be—b+d (s)r

o™ — A1

return w”

LSTD (D, w, k, ¢, 7) // Learns V™ from samples
// D : Source of samples (s,a,r, ')
// m : Policy whose value function is sought
//k : Number of basis functions
// ¢ : Basis functions
// v : Discount factor
A—0 /] (k x k) matrix
b—0 // (k x 1) vector

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023
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LSTD Performance

lambda =04
1 ' L ! ' ' L *
- s;
TD: a0=0.1, n0=10"6 e ¥
TD: a0=0.1, n0=10"3 ~+- . | %
0g L _TD:a0=0.1,n0=10"2 -@-- * a4 * _
: TD: a0=0.01, n0=10%6 > = | %

TD: 20=0.01. n0=10%3 -&- . |
TD: a0=0.01, n0=10"2 - . !
Least-Squares TD ---- -

RMS error of Vpi over all states

10000

Chain Walk from [Boyan, 2000]

trajectory number
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The Control Problem

* Given
— experience samples (s,a,r,s’) from the unknown process

* Goal
— to learn a good (optimal, if possible) policy it

* Ildea
— a better policy can be retrieved from a state-action value function

e State-action value function ,
Qﬂ-(sj a) — Ea,tmﬂ'; StNP; fr'tNR Z ’Ytrt | SO — S5, CLO — a,)
. t=0
* (Improved) policy

7'(s) = argmax Q7 (s, a)
acA
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Least-Squares Policy lteration

* Problem
— SARSA attempts to solve a (changing) linear system incrementally
— LSTD ideas cannot be applied because of changing policy
— Q-Learning attempts to solve a non-linear system incrementally
— LSTD ideas cannot be applied because of non-linearity

* Ildea
— exploit policy iteration (evaluation — improvement)
— use a linear architecture for efficient representation
— LSTDQ: variation of LSTD for efficient policy evaluation
— implicit representation of improved policies (greedy improvement)
— exploitation of the same sample set in all iterations
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Policy Iteration

Value Function

Qn
O(|S||A]) space
O(|S|3|A]®) time O(|S||A|) time
Policy Evaluation Policy Improvement
(Critic) (Actor)
Policy
Model n
O(|S]) space
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Approximate Policy Iteration

8 Approximate
Value Function
Qn’
Value Function Policy Improvement
Projection (Actor) :
Policy Evaluation Policy
: (Critic) | 5 Projection
Approximate
Po!\icy 8
Model &
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The Key Idea of LSPI

&

Approximate
Value I/function

Qn

Value Function
Projection

{

{ Policy Evaluation]

(Critic)

.......................................................................

Teee]

.........................................................................

Samples

Policy Improveme
(Actor)

n

Y

Policy
Projection

p o3
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Least-Squares Policy lteration

Approximate
Value Function

Linear architecture

Q =o'w
4 ] ] ) 4 )
Policy Evaluation Policy

and Projection Improvement

§ LSTDQ ) Maximization
J

"""""""""" Policy
Greedy pollcy
Samples ~ overQr
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Fixed Point Approximation for Q
Q"(s,a) = R(s,a)+v X P(s,a,5) Q7(s',m(s))

s'eS
Fixed point property: Q" = 1;0Q™

e

OF = @(®T®) P (17Q7)
\_.v._-/ \—\f"_/
Orthogonal Projection Bellman Operator

ST(H — APIL®) 0w — TR
\__/ \—.\/—/
(kxk) (R)‘(l)
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Orthogonal Projection

o Q°

@ Q=dw"
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The LSPI Algorithm

LSPI(samples D, basis ¢, discount ~, tol ¢)

w' 0
repeat
w—w, A<0,b+0
for each (s,a,r,s') in D do
o/ = arg max {gb(s’, a,”)Tw}
aIIEA _|_
A A+ 6(s,0) (#(s,0) = 19(s',0))
b<« b+ ¢(s,a)r
end for
w +— A~ 1p
until (||w — || < e)
return w

M. G. Lagoudakis
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LSPI in a Nutshell

Action

é { 75 ] L Reward

State
Experimentation )

Action

\_Training

\_ Execution /

State
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LSPI Properties

* Properties
— learns policies of bounded quality
— is stable; does not diverge
— makes efficient use and reuse of training samples
— handles successfully large scale problems
— allows great flexibility in choosing/using basis functions
— poses no restrictions on sample collection
— it is simple and easy to implement

* Limitations
— cannot guarantee convergence to the optimal solution

— with badly distributed samples, the iteration may oscillate
— with insufficient basis functions, it may converge to a poor policy
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Policy as Classifier

p— al
input , classifier > 32 classes
(state) (policy) »> 33 (actions)
[ 3|al

* Deterministic policy : maps states to actions
* Multi-class classifier : maps inputs to classes

Any deterministic policy can be represented as a multi-class classifier
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Policy Learning as Classifier Learning

{(si,rt(si)) ‘ i=1,2,...,N}

S m— classifier

— 7T(S)

* Input

— examples of the target policy at a subset of states

* Learner

— your favorite classifier
* Output

— generalization of the target policy over the entire state space
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Policy Iteration

Value Function

Qn
Pollcy Evaluatlon Policy Improvement
(Critic) (Actor)
1 ‘ Pollcy
Model
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Approximate Policy Iteration

8 Approximate
Value Function
Qn’
Value Function Policy Improvement
Projection (Actor) :
Policy Evaluation Policy
: (Critic) | 5 Projection
Approximate
Po!\icy 8
Model &
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Approximate Policy Iteration

Value Function Policy Improvement
Projection (Actor)
Policy Evaluation Policy
: (Critic) | 5 Projection

.......................................................................

Appro@te
\,go‘fi cy 6
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Rollout Classification Policy Iteration

Value Function

Q%(s,a)

s p . §

Policy Evaluation Policy Improvement

and Projection
Rollouts _ ‘
(Monte-Carlo estimation) HYPOthG_SIS Test}ﬂ_g
\ P and classifier training
\ J
1 . Approximate Policy
Generative A ‘ _
Model 1 = multiclass classifier
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Rollouts

Value function estimation
@ Monte-Carlo estimation of Q. (s, a) at any pair (s, a) for given 7

@ there is no full /explicit representation of a value function

@ start in s, choose a at first step, then choose according to 7

Value from one trajectory

H
é;;(sj a) = Z v r H — horizon (number of steps)
t=0

Value from many trajectories

—~~

K
1 .
Qx(s,a) = < E Q. (s, a) K — number of trajectories
=1

o
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Action Domination

first, obtain Qx(s, a) for all actions a in a given state s using rollouts:

Maximum difference f(s) of Q-values for state s

f(s) = max {@T(s,a’)} — min {@r(s, a”)}

a'eA a’eA

Action advantage function AQ,(s)

1
AQ(s) =2 (1 +exp(—f(s)) 0.5)

AQ(s) is based on a scaled and shifted sigmoid -~
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Filtering and Training Set

Removal of near zero AQ values
The purpose of filtering is to clear out noise in action domination.

AQ(s) <e

States with AQ,(s) > € are included in the training set
@ any action a* = arg max{ @T(s, a')} is dominating

a'eA
o yields a positive example (s, a*)"

@ any other action a is dominated

o yields a negative example (s,a)”
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Classifier-Based API Algorithms

* RCPI-SVM
— SVMs for representing policies

— support vectors direct the selection of rollout states

* RCPI-RVM

— RVMs for representing policies (sparser)
— RVM regression for advantage function

* Localized Policy Iteration (not covered here)
— exploiting locality in policies
— identification of the “ball” where action still dominates
— ball-based classifier
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Extension to Continuous Action Spaces

* Binary Action Selection
— fine discretization of continuous range and binary search

— view of a continuous action as sequence of binary actions
— generalizes to multi-dimensional action spaces

/\
SN N

511 (512) 522

AN SN ./ \ /N

5111 181120 15121 (5122 5211 52120 15221 5222

2N T N T 2N A A

Cai =k d3) (44 (d5  |dp a7 [ dag
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MDP Transformation

In the original MDP: (s, a,r,s’)

as

>/ r > .

S

In the transformed MDP:
(s0, R.0,%),(s0, R,0,5), (s, L, 0,s1), (51, L, 0, 5211), (S211, 35, 1, 55)

1) (%12 1 %1
S0 ——>( 52 ——>(S21 —>S211—>( 5y ) P T P RP R RE T RS
m"'-._.-'- x‘"--_--"". -\.\._..-_.- \"'\--._ _.-"'- r \"‘--_ - I,a-_-,l ..-'_"H.I A i I.r_', ,-'_'\-\.I F F oo Y
'\f ! A I'a.l_a:,.-" I'E : "\ff.-‘l 'xlla'?.-'l I'\-fﬁ-" I'-«.?T_.-" L ﬂ. !
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RL Experimentation

* Application Domains

— chain walk

— inverted pendulum

— bicycle balancing and riding
— mountain car

— acrobot

— tetris

— othello/reversi

— simulated soccer

— load balancing

— recursive algorithm selection
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N-State Chain Walk

o o o o o 0 o 0 o o ©
1 2 3 N

Walk along the chain and maximize the expected return!
— S$={1, 2, 3, ..., N} discrete positions, linearly ordered
— A = {Left, Right} move left or move right
— noise: 90% action success, 10% failure (opposite direction)
— reward: +1 at selected (red) positions, 0 otherwise
-v=0,9

simple problem, fully solvable, ideal for comparisons
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20-State Chain Walk: V Function

Samples 1.2 3 Ry
—5000 random moves 0 ?fj_:\__\_x
A PP roximation ° — —
—10 basis functions D\ ° ermoms o
—4th degree polynomial Z\ ]
for each action R /]
Results o ©
—initial policy: Left Z\ /
—V function over iterations .| e |
—convergence: 8 iterations ’ S e e ™t 20
- ,,
2 \\si.‘b%%l /J,f
—exact: dotted line ; TS
—LSPI: solid line ° 5 o 20

s| . e
0 T : __-_ = _.__' J— /
-5t \\\
-10¢} ;
_1 5 L
10 15 20
Iteration2
8 -\-\ '/‘/'
6t \\\_ ("/,
— ~— P /..--"/,/
41 ﬂ-q.__.__“ - —~—— /.’.---""/’
2t ~—_
(0]
10 15 20
Iteration4
8 i A
sl X o
ap = =
>l e
(0]
10 15 20
Iteration6
s .
8 Q‘q\ P /
el . S ]
4t S =
N ~ -
(0]
10 15 20
Iteration8

M. G. Lagoudakis
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20-State Chain Walk: Policies

Samples L.z 3 R
—5000 random moves
Approximation
—10 baS|S functlons ° Ite:s?tiom 1o 20 ° Ite::tionQ 1o 20

—4th degree polynomial
for each action

10 15 2
Itaration4

Q
[
Q

Results ®  otons 0 °
—initial policy: Left

—policies over iterations

Q
n
(=]

—convergence: 8 iterations 5 e o 1° 2 AT 2
—outcome: optimal policy
—Left: blue, Right: red

—exact: top, LSPI: bottom 5 10 15 2

o
n
o

10 15 2
Ilteration7 Iteration8
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50-State Chain Walk: Q Function

Samples 1 2 3 9 10 11

—10000 random moves | S N
° ° 0 //fA -
Approximation b
. . 21
—10 basis functions S A s ¥
th . 5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
—4" degree polynomial feraon Heraion?
for each action ' 5l
I
Results 77T i
. P o 0.5 | .\'\, //';'; | \
—initial policy: Left ) e W Lo e
. . . 5 10 15 20 25 30 3B 40 45 80 5 10 15 20 25 30 3B 40 45 50
—Q function over iterations feraton featond

—convergence: 6 iterations
—exact: dotted line
—LSPI: solid line ) P Lo e

5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 3% 40 45 50

—Left: blue, Right: red Heraons Heraions
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50-State Chain Walk: Policies

Samples 1 2 3 9 10 11 40 41 42 49 50

—10000 random moves

Approximation

—10 basis functions

h . 10 20 30 40 50 10 20 30 40 50
—4" degree polynomial feraiont Heration?

for each action

Results
—initial policy: Left

. . . . 10 20 30 40 50 10 20 30 40 50
—policies over iterations Heraond feratond

—convergence: 6 iterations
—outcome: suboptimal policy
—Left: blue, Right: red
—exact: tOp LSP|: bottom 10 2 30 40 50 10 20 30 40 50

Iteration5 Iteration6
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50-State Chain Walk: Q Function

Samples 1

—10000 random moves

Approximation

—22 basis functions

—10 uniform RBFs + constant |

for each action
Results
—initial policy: Left
—Q function over iterations

9 10 11

15 20 25 30 35
Iteration1

10 15 20 25 30 35 40 45 50

Iteration3

15 20 256 30 35

10

15

20 25 30

50

Iteration2
: . . Vi
A
’ "
A -
. ” ~ '\
AT . .,/ SN
1 A -
% — /,P/
10 15 20 25 30 35 40 45

Iteration4

50

10

15

20 25 30

35 40 45

—convergence: 7 iterations " leraions. Heratons
—exact: dotted line
—LSPI: solid line :
_Left: b|ue’ nght red "0 5w Iteéswslo % 40 45 50
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50-State Chain Walk: Policies

Samples

—10000 random moves

[
3%}
W

9 10 11 40 41 42 49 50

Approximation

_22 basis functions 10 20 30 40 50 10 20 30 40 50

lteration1 Iteration2

—10 uniform RBFs + constant
for each action

Res u Its 10 20 30 40 50 10 20 30 40 50

Iteration3 Iterationd
—initial policy: Left
—policies over iterations
—convergence: 7 iterations CHEE I T I
—outcome: optimal policy
—Left: blue, Right: red

—exact: top, LSPI: bottom 0 o2 % @ &

Iteration?
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Inverted Pendulum

DEE /

P
N/ \J

Balance the penduluﬁ; -c;],t the upright position!
e S = {(angle 6, angular velocity #)}
e A={-50N, 0N, +50 N}

e Noise: Input u = a 4 10n (Gaussian)

e Reward: —1 if |4] >
* ‘:r — 0.9

0 otherwise

t\.'_;| =)

e Model: non-linear dynamics [Wang et al., 1996]
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Pendulum: Learning Parameters

e Features: k= 30 (10 basis functions for each action)
— a constant term

— nine radial basis functions (Gaussians with o2 = 1)
w T
3 3 grid: pi € {—7. 0, +7} x {~1, 0. +1}

s —pa|? s —p2l® |ls — psl|? s — ol |”
( 1? e_ 202 e_ 202 e_ 202 e_ 202 )

? H yorrr

e Samples: Collected from random episodes:
— starting at the upright position and ...
— following a purely random policy ...

— until the episode ends.
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Pendulum: Results

Best

Worst

1 1 1 1 1
0 100 200 300 400

1
500

1 1
600 700

Number of training episodes

Q-learning

1
800

1
900

1
1000

Steps

3000 =

2500

2000

1500

1000

500+

LSPI

| L L L 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
Number of training episodes

M. G. Lagoudakis
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Pendulum: Optimal Policy

Inverted pendulum optimal policy

6.00

no domination

none or right

-
=
o 1.20 1 left or none
w
-]
[
o
= .
2 120 |right
1]
none
-3.60
left
6.0
—?.5? -0.94 -0.31 0.31 0.94 1.57

angle
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Pendulum: Optimal Actions

Action left only Action none only Action right only

6.00
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Pendulum: RCPI Learned Policies

MEMkBLLkL
%MNNNMMNI.
%HLHNRLKL




Pendulum: Nao Robot Balancing
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Bicycle Balancmg and Riding

Balance and ride a bicycle at a target location 1 Km away!
e S= {(9, 0, w,w,,0)}
0:

angle of the handlebar, w: vertical angle, 1/: angle to the goal
o« A={(r,v))
7€ {—2,0,42}: torque, v € {—0.02,0,+0.02}: displacement
e NModel: non-linear dynamical system [Randlgv and Alstrgm, 1998]
e Noise: input (7,v +n), n € [—0.02,+0.02]
e Reward:

— the net change in w?, plus ...

— 1% of the net change in the distance to the goal

e v =10.8
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Bicycle Learning Parameters

* Features
— k=100 (20 basis functions for each action)

(1, w, &, w?, &2, ww, 0,0, 02, 6%, 00, wh, wWh?, W20, P, V2, Vo, P, b2, o)

Y=m—1 for Yy >0 and ¢Y=-m—1 for ¢ <0

 Samples
— collected from random episodes

 starting at a random state around the initial position
* following a purely random policy for only 20 steps

— only 20 minutes worth of operating time!
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Bicycle Learnlng Results

200 R I I R

Starting

Position /1_ —

2nd i;terati-::nn (crash;)

_200_ .............. .............. .............
: : |terat|on — :

: : : :4th and 8th :
=400 e e Frotee R (oo teration

_500_,, ........... .............. ..............

1st iteration

800 i i i | | i i
-200 0 200 400 600 800 1000 1200
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Bicycle Learning Performance

0.9} : M

Probability of Success
© o © o © o
w ke [$)] [#)] ~l (0]
I I | I |

O
M
T

o
-

o

I | | 1 | | 1 | | 1 |
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Number of training episodes
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Tetris

TEIAIS

A F_'—"—"’W’ k===t T
i

7 —

Learn to play the game of Tetris!
e S: ~ 10°! states
e A: ~ 40 actions
e Noise: the next object is chosen randomly
e Reward: +1 for each completed row, 0 otherwise
e =1

e Model: It is known!
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Tetris: Learning Parameters

e Features: k = 10 basis functions defined over (s, a)

the constant 1.0

the number of rows completed if a is taken in s

the maximum height

the difference in #3 if a is taken in s

the total number of “holes”

the difference in #5

the mean height of the board

the difference in #7

the sum of absolute height differences between adjacent columns
the difference in #9

OO 00 =~ DU e Wk

—

e Samples: Complete games of a handcoded player
— Handcoded player: w =1{0,2,0,—1,0,-4,0,0,0, —1]
— Handcoded player scores about 675 points on average

— Random player does not provide sufficient coverage
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Tetris: Results

Handcoded Player Learned Player

Average Score ~ 675  Average Score ~ 3000
Score = 49 Score = 58

(after 150 steps) (after 150 steps)
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Tetris: Handcoded and LSPI

Handcoded
Video

LSPI
Video
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https://www.youtube.com/watch?v=byW5mxhv4tc
https://www.youtube.com/watch?v=TVjErzBIY1o

Tetris: Learned Weights

# | Feature Handcoded | Learned
1 constant 1.0 0 1946.70
2 number of rows completed 2 388.43
3 maximum height 0 -3.36
4 | the difference in #3 -1 -4.82
5 total number of “holes” 0 -68.40
§) the difference in #5 -4 -111.74
7 mean height 0 -10.92
8 the difference in #7 0 379.08
9 sum of absolute height differences 0 -22.02
10 | the difference in #9 -1 -20.79

M. G. Lagoudakis

TUC ECE, Machine Learning, Spring 2023 Page 57



Othello/Reversi

i [ othello.ccl T BICIE
poset 4 Single game 4 Single game
Restart ~~ Continuous play ~ Continuous play
Quit -~ Repeat ~- Repeat I
Current score Current score
Player White Player Red Flayer Red
Fd 2 79
300 300 186
Player White control Player Red control Player Red control
4 Manual ~ Manual ~ Manual
~ Random ~ Random -+ Random
~r Greedy ~ Greedy ~- Greedy
~ Program 4 Program 4 Program
Game **Red: oL er
Final Score : Wh -8 d - 88 17 ed - 79
otal Games Played : 1 1 Games Played : 2
am 2 0 d: 1 won 2 0 ed :
AAAAA ge score  Wh 8.0 d: 88.0 12.5 ed: 83.5

e states: ~103° in 8x8 board, ~10%’ in 10x10 board
e actions: from 0 to a few dozens

* noise: the unknown opponent, possibly random blocked cells
* reward: score at the end of the game

* known model: combine with minimax and a-B pruning
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Othello/Reversi: Results

100 1 | | T T T T T T

90  White players: solid line ]
Black players: dashed line
80

@ 70f LSPI (TD samples)
o
O
) 60 _ i
° o L T3 - ﬁ [
% 50 —— “‘"‘t T .3 -
ge] /e
@ 40 74 LSPI (self-play) -
g I,,"" B
D a0t h T _ T -
:5/" ~= = ) r - =T T
20| A - / ==
A - TD (self-play)
10f .
D 1 1 L | | | | 1 1
0 2 4 8 10 12 14 16 18 20

6
Training Moves (x1,000)
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Othello/Reversi: Performance
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Algorithm Optimization

* Algorithm Selection
* which algorithm to choose (out of many) for a given instance?

* Recursive Algorithm Selection

recursive calls lead to a sequential (tree) decision problem
recursive algorithm selection: learn an algorithm selection policy
learn by solving a number of instances on the actual system
adapt to machine/cpu/memory/network (autonomic computing)
learned policy solves instances using combinations of algorithms
learned hybrid algorithm outperforms all individual algorithms

° Problems

sorting, order-statistic selections, satisfiability
systematic heuristic search (A*, RBFS)
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Algorithm Optimization: Results

x 10

14

= Hybrid
- = = Best of A* & RBFS

1ok "'I" I I = = Fixed Probability |

10F

ADsOIUTE average cost
=] [
1
| ]
1
1
! r
: ]
. i
1
=t
1
i
———
| ]
]
1
I ] |
1
[
1
1
1
| |
! I
1
1

B.G 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Memory =<—= Time

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 63




‘0
4. Y

~RL

4

= : *‘t\ 3’.'1 )M' ‘




RL and (Un)Supervised Learning

* Model-based RL
— density estimation for learning models

* Value Functions
— dimensionality reduction for extracting features
— feature spaces for approximating value functions
— regression techniques for estimating values

* Policies
— classifiers for representing policies
— density estimation for representing policies
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Study

e Books

R. Sutton and A. Barto, Reinforcement Learning: An Introduction, MIT Press,
Cambridge 1998

D. Bertsekas and J. Tsitsiklis, Neuro-Dynamic Programming,
Athena Scientific, Belmont, Massachusetts, 1996

e Articles

L. Kaelbling, M. Littman, A. Moore, Reinforcement Learning: A Survey, Journal of
Artificial Intelligence Research 4, 237-285, 1996

M. Lagoudakis, Value Function Approximation, in Encyclopedia of Machine
Learning, Springer, 2010, pp. 1011-1021

S. Bradtke, A. Barto, Linear Least-Squares Algorithms for Temporal Difference
Learning, Machine Learning, 22: 1-3, 33-57, 1996

M. Lagoudakis and Ronald Parr, Least-Squares Policy Iteration, Journal of
Machine Learning Research 4, 1107-1149, 2003

M. Lagoudakis and Ronald Parr, Reinforcement Learning as Classification:
Leveraging Modern Classifiers, Intl Conf on Machine Learning (ICML) 2003, p.424

V. Vasilikos and M. Lagoudakis, Optimization of Heuristic Search using Recursive
Algorithm Selection and Reinforcement Learning, Annals of Mathematics and
Artificial Intelligence, 60 (1-2), 2010.
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Today

* From Perceptrons to MLPs
* Back Propagation
* Deep Considerations
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Neural Networks: the key idea

* Linear models
— the input-output mapping is linear

* Linear models in features spaces
— the input is transformed non-linearly in a feature space

— the output is still linear in the parameters over the features

* Beyond that?
— endow the feature extractor with its own parameters
f(x;0) = Wo(x;:0,) + b where 8 = (0,05) and 8; = (W, b)
— repeat this process recursively, to create complex functions
f(x:0) = fo(fo-a(---(fi())---))
— the key idea behind (deep) neural networks (NNs and DNNs)
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Perceptron: XOR Function

Activation tunction: heaviside

1.2
T T U 1.0 A
0 0 U 0.8 -
0 1 ]_ 0.6
1 0 |1 "‘-
1 1 |0

(.10

0.2 . |
—).2 .0 0.2 i) 1.6 (.= 1.0 1.2

f(z;0)=1(w'x+b>0)=H(w'z+b)
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Two-Layer Perceptron: XOR Function

Yy = f(:l?l,xg) — (£C1 N\ $2) /\ (5‘31 V I’g)
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Why do we need hidden layers?

AN

O
s o

Ie

<5

One Layer
creates Linear
boundaries

Two Layers
combine Linear
boundaries

Three or more Layers
are able to create
complex shapes

. Lagoudakis

TUC ECE, Machine Learning, Spring 2023
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Activation Functions, Differentiable MLPs

z1 = fi(zi—1) = o1 (b + Wiz1_1)
differentiable activation function ¢ : R — R

— the entire function is differentiable
— the composition of such functions is differentiable
— simply apply the chain rule repeatedly
* Activation Functions
— typically, non-linear (otherwise, no gain)
— sigmoid o(a) 1 (e¥ —e™)
— tanh f(x) T T e
— RelU (common choice)  ReLU(a) = max(a,0) = al (a > 0)
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Examples of Activation Functions

Activation functions

/ — Sigmoid
P —-== Tanh
— = RelLU

10 mm—m =T

—4 =2 0 2 4
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Softmax Activation Function

Activation Function:

— d; number of neurons
Usually used at the neurons of the output layer

[1.9]
0.9

0.4

-

(0.46 |
0.34

0.20

Converts a vector of real numbers to a vector of posterior probabilities

— Qutput values are between 0 and 1 and sum to unit
* The output of a neuron depends the outputs of all other neurons in its layer

— It is a measure of uncertainty of the output

* Strong prediction =» single entry in the output vector close to 1
« Weak prediction =» multiple entries almost equally likely
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Multi-Layered Perceptrons

hidden layers

input layer

hidden layer

{1 = 15 neurons)

output layer

input layer

({THE4 newrons)

output layer

M. G. Lagoudakis
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Learning Process of Neural Networks

 The NN structure is predefined (inference model)

* Learning process
— The NN learns a specific task by adjusting its parameters (weights)
from the correctly labeled training examples (supervised learning)

* Adjusting the parameters
— randomly initialize the weights
— obtain a predicted output based on this network
— if the output matches the real label, do not change the weights
— if the output is larger than the real label,
adjust the weights that contribute to large output values
— if the output is smaller than the real label,
adjust the weights that contribute to small output values
— repeat the previous steps, until the error converges to a minimum
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Gradient Descent on the Cost Function

* The key idea
 adjust a model’s weights in response to the error it produces,
until you can’t reduce the error any more

« “How do the errors vary as the weights are adjusted?”
* calculate how a change in weight affects a change in Error
* first calculate how a change in activation affects a change in Error,

* and then how a change in weight affects a change in activation

dError dError dactivation

dweight " dactivation dweight
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Gradient Descent on the Cost Function

« Use a smooth cost function
* helps figure out how to make small changes in weights and biases
to get an improvement in the cost

1
Cw.b) = - )" lly) - all’

 Perform stochastic gradient descent
 to guarantee reduction of cost

Xi € training inputs as a mini-batch 5Cy
(small set of m training inputs) Wi > Wh = wi — n Z j
A training epoch m < oWy

Train over a randomly chosen mini- o0Cx
batch, then on another, until you by — b, = b — T Z -,
’ ’ m = abg

exhaust all mini-batches [repeat]
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The Backpropagation Algorithm

e But...how to compute the gradient of the cost function?
* Use the backpropagation algorithm!

layer 1 layer 2 layer 3 layer 1 layer 2 layer 3

wj—k is the weight from the & neuron

in the (I — 1)*" layer to the j*" neuron
in the I*" layer

I _ [ 1-1 !
aj =0 (Z W ay + bj)
k

a = cy(wlal_1 -+ bl)

a' = o(Z)
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The Backpropagation Algorithm

1 1
Cowb) = o= X Iy —al? €= 3 Iy - d @I

L: number of layers; n total number of training examples x; y(x) desired output;
a‘(x) vector of activations that are output from the network, when x is input

It holds: C = % Zx C, required for averaging over training examples

We also need C to be a function of the output activations, which we have

A

1 L2 1 2
cost C' = C(a’) C= E”y —da ” = 5 Z(y] - af)
J
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The Backpropagation Algorithm

, _ oC
the error &', of neuron jin layer / 0; = _0251.
the error in the output layer ok = oc o' (z}) L _ (L
P y J aa < 0" = Vac Oo ( )

J

st denotes the elementwise product of the two vectors

(s © 1) = sjtj H H B:i] H

For the quadratic cost function, we have
_ 1 P AV
C=7 2,00 —a)

So we can easily compute: L — (L —v.
oClda; = (a; — ;)
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The Backpropagation Algorithm

An equation for the error &' in terms of the error in the next layer
5[ — ((WH_I)T(SH-I) O O"(Zl)
moves the error backward,

first assessing it on / layer’s output, then to I's weighted input via o

the rate of change of the cost with respect to any bias in the network
oC

—— =4
I J
abj
the rate of change of the cost w.r.t. any weight in the network
oC 114
—— =a, 0
awl k 7
jk
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The Backpropagation Algorithm

1. Input x: Set the corresponding activation a! for the input

layer.

2. Feedforward: Foreach/ = 2,3, ..., L compute

Z =wla"! + b and @’ = o(2)).
3. Qutput error §°: Compute the vector 6 = V,C © ¢’ (z).

4. Backpropagate the error: Foreach/=L—-1,L—-2,...,2

compute §' = (WHT5) 0 6/ ().

5. Output: The gradient of the cost function is given by

oC __ I-1g aC __
_6w}k = a, 5j and o 5j.
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The Backpropagation Algorithm

In other words:

e \We compute the error vectors é' backward,
starting from the final layer.

e The backward movement is a consequence of the fact
that the cost is a function of outputs from the network.

In practice, we usually combine backpropagation with
stochastic gradient descent, in which we compute the
gradient for many training examples.
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Z Gradient descent given a mini-batch of m training examples

. G. Lago!

1. Input a set of training examples

2. For each training example x: Set the corresponding input

activation a®!, and perform the following steps:

o Feedforward: Foreach /= 2,3, ..., L compute
= wla®=1 + b! and a¥' = o(%).

o Output error §°-: Compute the vector
5L = V,C. © o' ().

o Backpropagate the error: For each
[=L-1,L-2,...,2 compute
5x,l — ((wl+1)T5x,l+1) 0 O"(Zx’l).

3. Gradient descent: Foreach /= L,L — 1, ..., 2 update the
weights according to the rule w! — w! — -~ Z 5 (a*~1T, and

the biases according to the rule ' — b’ — % DI i 22



Backpropagation: More intuitions

* Every edge between two neurons in the network is
associated with a rate factor, which is just the partial
derivative of one neuron's activation with respect to the
other neuron's activation.

* The rate factor for a path is just the product of the rate
factors along the path.

* The total rate of change of C with respect to a weight in the
network is just the sum of the rate factors of all paths from
the initial weight to the final cost.

* The backpropagation algorithm is providing a way of
computing the sum over the rate factor for all these paths.
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Backpropagation: More intuitions

O\'_m

aoC
Given the change, overall: AC ~ _gAle'k Adl

jk

First, the change causes a small change
in the activation of the j-th neuron in
the I-th layer: By

This change in turn, will cause changes in all the activations in the next layer.
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Backpropagation: More intuitions

aal+1
Aaé“ ~ — Ad
oat 7
o 3+ ad!
4 .
Adjt! ~ 0‘11 - Awh,
a; 6wjk
Imagining a path _oc dak, dak™'  adht! aaj. A
all the way to C: oaL, gL 6af;‘2 aa; aw;k ik

oC dal, ddk™'  ad' 9a;

L L-1 -2 7 l

AC ~ Z

mnp...q
M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 25




Backpropagation: More intuitions

L L-1 I+1  9ql oC
AC ~ 2 oC oday Oa, dag i A AC ~ 25 A

~ L 5 I1-1 512" I I jk ~ l Jk
e o0am da, oa, c)aj 0wjk awjk
L L1 I+1 /
oC Z o0C 0dk, day oa,"' 0a;
[ L L—1 -2 l l
awjk mnp...q aam aan aap aaj awjk

 We are computing the rate of change of C
with respect to a weight in the network.
e This is just the sum of the rate factors
of all paths from that weight to the final cost.
e The backpropagation algorithm computes
the sum over the rate factor for all these paths.
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The Universal Approximation Theorem

* “A feed-forward network with a single hidden layer containing a
finite number of neurons, can approximate continuous functions
on compact subsets of R", under mild assumptions on the
activation function.”

* shown, e.g., for sigmoid functions (Cybenko, 1989)
* Intuition: a network of perceptrons can simulate a circuit containing

NAND gates. Since any boolean function can be implemented using
NAND gates, it follows that perceptrons are universal computers!

sum: ry B ars

T~ L
Do—« } sum: xp & e
T3
To —[ —4
. weights: -2 » carry bit: rqa-
o—— carry bit: xixo2 g arry 172

biases= 3
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The Universal Approximation Theorem

 Implication
* Simple networks can represent essentially any function.
* Thus, in theory,

* all we need is networks of perceptrons...

* Unfortunately, this does not tell us anything on how to
actually do the learning / computations...

* in a sense, we just confirm that a network of perceptrons
is a new type of NAND gate!

 Practice + new theory shows that deep is good...
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Why Deep NN?

* First ... what does “deep” mean?

 Well, deep means more than two (hidden+output) layers!

* So, strictly speaking, it is not “a new thing”!

*  Why “two”? With depth 2 we have a universal approximator.
* Recent theoretical results show the power of “deep”.

* Deep architectures can represent a function
with exponentially fewer units!
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Deep Learning and Deep Neural Networks

- Why now (i.e., after 2010)?

* more powerful CPUs + appearance of GPUs + big data
* high-quality software (tensorflow, PyTorch, MXNet, ...)

* new theoretical results that suggest their power

- A Spiral Effect
* Deep NNs do well -
* more and more people now get interested -
* people get to learn how to tweak Deep NNs -
* Deep NNs get even better in more domains -

* [repeat]
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Deep Neural Networks in a Nutshell

input layer + number of hidden layers + output layer

e Each unit's input: a weighted sum of outputs of units
from previous layers (weights are on links between layers)

* Units’ outputs: nonlinear transformation of weighted inputs
by activation functions (tanh, logistic, rectified linear unit, ...)

* Compute error derivatives and backpropagate gradients
from the output layer towards the input layer.

* Update weights from gradients to optimize loss function.

* Repeat until convergence.
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Today

* Convolutional Neural Networks
* Trained Systems for Images
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Plain MLPs for Images?

* Problems
— huge number of weights
— spatial information is ignored
— cannot account for translations

0] [0] [0] [0]
1] 1] 0] 1]
0 0 1 0
I I OUTPUT E i
1 1
o[1]o0]o0 - o[1]0]0 R
0] 0] 1] 0]
1/1[1]0 o , 1o o1 1110 1, o &
o[1]/ofo oG o[1[0]o0 S B
0 0 1 0
olof[ofo g B ojofofo D
L/ ol [0 J o] o]
0] 10 10/ 10/
o [0 ol [0
o [0 o [0
WEIGHTS WEIGHTS
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Convolutional Neural Networks
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Convolutional Neural Networks

* Solution
— convolution operations instead of matrix operations
— divide the image into small overlapping patches
— compare each patch against a template
— templates (filters) are small (3x3, 4x4, ...)
— templates have a small weight matrix
— translation invariance!

— look for the relative locations of matches
— good for character recognition
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Convolutions in 1D

f®g / f Z—’U,) ’bU@iB Zw Litu
- - 1 2 4 - -
7 6 5 - - - - - | zy=xpwyg =09
- 7 6 5 - - - - | z1=x0w1 +x1W0 = 16
- - 7 6 5 - - Zo = ToWso + x1W1 + Towy = 34
- - - 7T 6 - | 23 = x1W9 + oW1 + T3WH = D2
7

Sy Ot !

1 B
I

24:$2w2+91:3w1:45
- - - - - 7T 6 5| z5=x3wy =28

Discrete convolution of @ = (1,2, 3,4] with w = [5,6, 7]

Input Kernel Output

0112 |3| 4|56 * 11 2 = 2 |1 5|8 (11|14 |17

1d cross correlation
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Convolutions in 2D

H—-1W-1
W & X](i,5) Y St Wy,vlitu,j+v
u=0 v= Input Kernel Output
O 1] 2
01l 1 19| 25
3145 * —
213 37143

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 7




Convolution as Matrix Multiplication
(1)

[(wi wy 0 |ws wy 0[]0 0 o\f
cp— | 0w w2 0 ws wi| O 0 0 ;
I=¥=1 0 0 0 |w w2 0 |ws ws 0 -

\ 0 0 0[]0 w w| 0 wy owy) [

.
I8

W1x1 + W2k + W3T4 + w4$5\
W1T2 + Woks + W3y + Walg
W1Tq4 + WoZ5 + W37 + WYy
\ W15 + Woks + waxs + fw4:c9)
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Zero-Padding (same Convolution)

0|1]0
1(1(1

0
Zeros —/‘

outside

o[1(0

111

0o(1|0

OUTPUT

2

OINININ

2
5]
2
1

2
2
0

ClOo|=|O
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Strided Convolution

M. G. Lagoudakis
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MIMO Convolutions

Input

Kernel

o] W | O P
~ | s =

co &)} N =
\SI\.JI\.
*
N o
1N
w| =

Input

Kernel

Kernel Output
112
*
3| 4
56 | 72
+ =
1041120
011
*
213
Output
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Convolutional Layers

/- / Feature - Covolutional
map Layer 2

map 2—7 —
I /':‘:“\\‘
Filters ' FA———
[ < Covolutional
Feature fi gy Layer 1
Map 1 — 1
Map 2—> L ’ =
| Pe T,
- |
Input Layer
H | Red —
Channels Green
/

Blue =
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Pooling Layers

Input Output
o1 1| 2

2 X 2 Max 419
3 14| 5 )

POOIlng 7 8
6|7 | 8

* Max pooling

* Average pooling

* Global average pooling

M. G. Lagoudakis
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Normalization Layers

ARV
NAVAUANANAN

Group Norm

A A A AN
A AN A NN
A AANNNZ
NAVAUANAVAN

Instance Norm

S S S S S
AVAVAVAVAS,

[ S S S S

[ LSS

MH

NAVAVAVRVA

NAVAVAUANA
AMANANNNNZ
NAVAVAVANA

Layer Norm

Batch Norm

[ S S S S S
[ /LSS

MH
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Convolutional NN for Classification

— CAR
— TRUCK
— VAN

NEEEEEELRN

O O — sicyYCLE

| e a2 E
I % CONVOLUTION+ RELU ~ POOLING ~ CONVOLUTION + RELU  POOLING FLATTEN  conNEerED SOFTMAX
N J \ J

Y Y

FEATURE LEARNING CLASSIFICATION

f :RHXWKI( — {01}0
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Convolutional NN for Classification

Output

Vectorised &
Input image Feature maps Pooling window feature maps ¢
/ ( ) _ )
- . { ) ".
L / Pooled Feature maps - £ )
-~ "/’ ( ) — (
= - feature maps L) _
7 N Pooled e 2\
T —— ' O )
R o feature maps - :
) ¢ == | |
e : . { ) -~
E‘: e x UCllg " 7]
Filter Convolution and Pooling  Convolutionand  Pooling
activation activation Vectorisation
Input layer Convolutional layer Convolutional layer Fully connected layer
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Example CNN Classification

RELU RELU RELU RELU RELU RELU
CONV lCONVl CONV lCONVl CONV lCONVl FC

bbb

= EOOEOE
==& - |- |
= = = gl car
- = - | () filick
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|
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LeNet (Yann LeCun)

convolution pooling dense

convolution

pooling dense
| dense
] = —
=] =
2 2 B
© O
[ 2lel S
1
—— o
= <
P 4 ] I
_______-—-—'—",..—-—""_—‘—/- -
| 6@14x14 — I
— S2 feature map 16@5x5
. X
28x28 image 6@28x28 16@10x10
S4 feature map
C1 feature map C3 feature map
truth=7, pred=7, score=100% truth=2, pred=2, score=99% truth=1, pred=1, score=100% truth=7, pred=7, score=100% truth=2, pred=2, score=100% truth=1, pred=1, score=39%
truth=0, pred=0, score=100% truth=4, pred=4, score=97% truth=1, pred=1, score=100% truth=0, pred=0, score=100% truth=4, pred=4, score=100% truth=1, pred=1, score=100%
| II_L
truth=4, pred=4, score=90% truth=9, pred=9, score=99% truth=5, pred=6, score=62% truth=4, pred=4, score=100% truth=9, pred=9, score=100% truth=>5, pred=5, score=51%
truth=5, pred=6, score=82% truth=4, pred=9, score=52% truth=4, pred=9, score=60% truth=5, pred=5, score=51% truth=4, pred=9, score=59% truth=9, pred=3, score=54% =

L
truth=9, pred=8, score=54% truth=4, pred=2, score=95% truth=4, pred=9, score=82% truth=3, pred=3, score=91% truth=9, pred=9, score=83% truth=4, pred=2, score=95%
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LeNet and AlexNet (Alex Krizhevsky)

Dense (10)

Dense (84)

Dense (120)

e

5x5 Conv (16)

se.

5x5 Conv (6), pad 2

Image (28x28)

Dense (1000)

i

[ Dense (4096) |
i

| Dense (4096) |

—— e —

3x3 Conv (384), pad 1

i

3x3 Conv (384), pad 1

{

3x3 Conv (384), pad 1

R

5x5 Conv (256), pad 2

.

11x11 Conv (96), stride 4

i

| Image (3x224x224) |
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AlexNet Results

grille mushroom cherry Madagascar cat
convertible agaric dalmatiah squirrel monkey
grille mushroom grape spider monkey

pickup jelly fungus elderberry titi

beach wagon I gill fungus |ffordshire bullterrier indri
fire engine || dead-man's-fingers currant | howler monkey

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 21



GooglLeNet (Inception Block)

Is

»| Concatenation |e

” ~. ]
3 x 3 Conv, pad 1 5 x 5 Conv, pad 2 1x 1 Conv
1x 1 Conv 1‘ 1 T
1 x 1 Conv 1x 1 Conv 3 x 3 MaxPool, pad 1
Input
% = %
I o) I a) I a)
w w I o ! 1 o ! 1 o
o O O O Y O Y Ok A i > (&
E' - E - E:' E' » E i “—Pfﬁt:. —Fl “—Ilﬁ:f. —Fl “—Ilﬁ:f. — E’
2 § 2 2 § S Lk % o
- S R
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FC

t

Global AvePool

ResNet (Microsoft) =

|
\ I
|
|
|
________________________________ |
i I— . i | |
| I I
1 Batch Norm : I Batch Norm :
I r I F
I : I : _____
I I | 1
I 3X3 Conv ! I 3X3 Conv ! !
: : : ! I
| 1 I :
I : I : 1x1 Conv "
I I I
I : . 1
I I ! :
| I
: Batch Norm : | Batch Norm ! o
I ry I ! |
! : ! : |
: 3X3 Conv 1 : 3X3 Conv 1 |
| 1 1
1 F 3 | » |
el Rl ! il e y !
___-/
X X 3 x 3 MaxPool
1
Batch norm
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DenseNet

X fi(x) | fx)

f3(x)

—> | fu(x)

M. G. Lagoudakis
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Object Detection (Anchor Boxes)
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Image Segmentation

traffic ighstHo8 10,96

traffiddeffit GiEH00.978
[ !

Kl traffiedoht 0.895 traffic | lght 0_.

N

\.‘. A b A :
3 E "QS&%«HM : “.:: 27.* e ;‘1
car072§ A.r'vpem 967 b carl)742- |

C——

car 0,860 ‘i e "
. v car 0.931 car 0.920 l

car 0.970 " g : { Rl A
: : S\ear 0.937

-
-
-
=
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Encoder-Decoder

Convolutional Encoder-Decoder

Output

Pooling Indices

RGB Image B conv + Batch Normalisation + RelU Segmentation
B Pooling [ Upsampling Softmax
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Semantic Segmentation

Input Depth Normals Labels
| 64 64 ﬁ N 3
; 21k ﬂ 128 64 64 2
input
ima'.age > | || output
- segmentation
tile Sl
o~ - oo > | > |
N E 2l 2l 4 g
> > >
| Off o0
~| =l ©
L] (Ip]
' 128 128 I
256 128
% o o
Sl e S IgI §I
CON co co
oV NN od
’ 256 256 512 256
o -g-l-gl %Dr[l?l?l =» conv 3x3, RelLU
5 o] =] = ] o
—~8 O O s = copy and crop
* 512 512 1024 512
ool — o[ NN ¥ max pool 2x2
© 0 © 1024 4 5 B 4 up-conv 2x2
“-lb_-b—
> & & =p CcONV 1X1
(] o
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Human Pose Estimation
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CNNs for Medical Imaging

e BrainNet: developed based on TensorFlow, aims to train
deep neural networks to segment GM (Gray Matter)
and WM (White Matter) from brain MR images

e LiviaNet: developed based on Theano, aims to train 3-D
fully convolutional neural networks by using MR images to
segment sub-cortical brain structures

e DIGITS: developed to rapidly train accurate deep neural
networks for image segmentation, classification, and tissue
detection tasks (e.g. Alzheimer’s disease detection)

e DeepMedic: developed based on Theano, aims to train
multi-scale 3-D convolutional neural networks for brain
lesion segmentation from MR images
(winner of the ISLES 2015 competition)
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Operational Programme EZ"A

Human Resources Development, =52014 2020

Education and Lifelong Learning
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Graduate Course on

Machine Learning

Lecture 26

Deep Learning

Neural Networks for Sequences s




Today

* Recurrent Neural Network (RNN)
* Gated Recurrent Units (GRU)

* Long Short Term Memory (LSTM)
* Considerations

* Attention

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 2



Recurrent Neural Network (RNN)

° RNNs

— map sequences to sequences using also internal state (memory)

— instant output is not a function only of the instant input ...
— ... but depends also on the hidden state ...
— ... Which is constantly updated over time

* Applications
— sequence generation

— sequence classification
— seqguence translation
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Types of RNNs

one to one one to many many to one many to many many to many
! Pt i Pt Pt
! ! Pt bt R
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vec2seq (Sequence Generation)

fo : RP — RN=C

— D: size of the input vector

— output: arbitrary-length sequence of vectors
— C: size of each output vector U s ys O
— output vectors generated one at a time

— output vectors are sampled hy 2 3
— hidden states are deterministic

— conditional generative model

— variation: variational RNNs X

T
plyrrl®) =Y plyrr, hirle) = Y [ p(yilh)p(hel i1, yi-1, )
hl:T h,j_:’f t=1
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vec2seq Applications

* Language Modelling
— no input! just generation of output

* Language Modelling example

— the githa some thong the time traveller held in his hand was a
glittering metallic framework scarcely larger than a small clock
and very delicately made there was ivory in it and the latter
than s bettyre tat howhong s ie time thave ler simk you a
dimensions le ghat dionthat shall travel indifferently in any
direction of space and time as the driver determines ...

* Image Captioning
— image (or an embedding of) as input

— a textual description of the image content as output
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vec2seq: Image Captioning Example

<start>  Giraffes standing <end>
Pretrained CNN Softmax Softmax Softmax Softmax

using ImageNet dataset

AN
—>
—>
—
—

= > > > >
CNN =>| | 2 El>|5 =5 |— ->| =
r —1 —1 — —1
e ' Feature vector T T T
(?;:tl:zm:g;) at fc layer
x224x
(1x1x2048)
Wemb Wemb Wemb
<start> Giraffes other
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seq2vec (Sequence Classification)
fo : RTP — RC

— D: size of each input vector

— input: length-T sequence of vectors
— C: size of the output vector

— variation: bidirectional RNNs
— application: classification of ...
— ... text, music speech video

I
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vec2vec (Sequence Translation)

fo : RTP — RT'C
— D: size of each input vector
1 2 3
— T, T": length of input/output sequence A OR O Us (g
— C: size of the output vector

— T=T - aligned case () (O .

(dense sequence labeling) ;3 5
n Y2 O Y3

* h, hy,

hl f’é )}33 . - . : .

Y
1 CCQO 3 1) 2Q 3
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vec2vec Deep RNN

03'

(L)

T [

(2

—

> (,,,I

(1)

04 0;
(L) (L)
H, | H,
2 2
H——| H”
1 1)
H, ——| H,
X, X,

X

3
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vec2vec (Sequence Translation)

fo :RTP - RTC
— D: size of each input vector
— T, T": length of input/output sequence
— C: size of the output vector

— T#T -2 unaligned case
(encoder-decoder architecture)

T L9 Y1 Y2 Y3 O
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vec2vec Machine Translation

target output words
< —>

Je suis étudiant Iloss layer

Isoftmax layer

<>

I am a student _ suis étudiant

< » < >
source input words target input words
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Gated Recurrent Units (GRU)

* Key idea
— learn when to update the hidden state

— selectively “remember” important info when first seen
— learn when to reset the hidden state
— thus, forget things that are no longer useful

reset gate R, ¢ RV*H R; = oc(X;W,,. + H; Wy, +b,)

update gate Z;, ¢ RNV*H Zi = o(XyWy, + Hi-1 Wy, + b,)

H, = tanh(X; Wy, + (R © Hy—1 )Wy, + by,)

Ht:ZtQHt—1+(1—Zt)®ﬁt
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GRU lllustrated

Hidden state
Hiq \

(o) FC layer with Element-wise
Activation function Operator Copy f Concatenate

M. G. Lagoudakis TUC ECE, Machine Learning, Spring 2023 Page 15




 Long Short Term Memory (LSTM)

s T




Long Short Term Memory (LSTM)

* Key idea
— similar to GRU, but more sophisticated

— augment the hidden states with memory cells

— output gate O; = J(thmo +H; 1 Wy + bo)
— input gate I, =0c(X;W,; + H; Wy + b))
— forget gate Fi =0(X;W,r+H;_1Wyps + by)

C; = tanh(X; W, + H;_{ W}, + b.)
C:=F:0C;_ 1 +1,0C;
H; = O; ® tanh(Cy)
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LSTM Illlustrated

Memory
¢ t-1 >Cy
Forget .
Gate Candidate
7 t - O,
o g |Ct| tann o —>H,
Hidden state
er i ] i 7
t-1
Input Xt

(o) FC layer with Element-wise
Activation function Operator Copy [ Concatenate
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~ Considerations

: \.\ ’f
o R

i =l




Greedy Decoding

moi suis étudiant _

étudiant |0.1| [0.1] |0.5}. (0.1
_lo.1| |0.1] |0.2]i]0.6

Je 0.3] |0.1] |0.1]:]0.1

moi |0.4},/0.1| |0.1]i]0.1
suis |0.1]:[0.6};(0.1]:[0.1

I am a student _ m0| suis etudlant
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Examples

Time step 1 2 3 4 Time step 1 2 3 4

A 051]0.1]10.2]1]0.0 A 05[(01]1]0.1(]0.1
B 02]104](02]|0.2 B 02|(04]1]06(]0.2
C 021]03]1041]]0.2 C 021(103]]0.2(]0.1
<eos> [(0.1110.2]110.2]1]10.6 <eos> [0.11]0.2]|]10.1(]10.6

0.5 % 0.4 x 0.4 x 0.6 =0.048 0.5 x 0.3 x0.6 x0.6=0.054

— Viterbi: optimal, but expensive
— beam search: heuristic, but cheap
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Beam Search

Time Step 1 Time Step 2 Time Step 3
Candidates Candidates Candidates

A A

/?.\\\ %B

=
\D

A ¢ _-amD
ar w
/B )
=@
\D\\ A
E N /'; /B
\‘C/—:C CE/

— C
\ ’, \.&*"’CED
\é -7 \
”
‘ E
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1d CNNs for Sequence Classification

T
[TTT s

/
7’
7

#outputs: 4

(Max pooling over time

for each channel) -
-

1N

Houtput sentiment polarities: 2
(with fully-connected layer)

~
~
~
S #outputs: 5

(Max pooling over time
\For each channel)

-~
Phe 1 \ <~
-
-~ #channels: 5
#c_hanneIS:4 Width: 11-4+1=8
Width: 11-2+1=10 (kernel width: 4)
(kernel width: 2)
\‘- ~ .- ~ ~ -
S N0 0SS ~ - 7’
Se SO S ~ -~ 7
Width: 11 words
t#tchannels: 6
(each word is represented by a 6D vector)
o Y o
E © v o g ¢ ©c <
— 2 cowmE >SS a3
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Causal 1d CNNs for Sequence Classification

Output
Dilation = 8

Hidden Layer
Dilation = 4

Hidden Layer
Dilation = 2

Hidden Layer
Dilation =1

Input
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tion
~_ Attentiol =
L >

§ - - -: .
S .. o D 4
/-,v)' .‘tl_/(&(_'—/‘/(‘d"'

e oy




Attention

Keys

Query

Attention
scoring
function

:

BHE

:

J

Attention

weights

XBUIJOS

Values

Output
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Attention with seq2seq

Je  suis étudiant </s>

attention

vector
context
vector

-
- -
- ~
am® e
P e * . L
- ..
-® ~
- -~

avffeelzg‘;fosa 03. 01. 0.1 5
)/ \JRRELTD ,_&‘:::::::ff. ......... A | 5
. .."====l.-.l.|"f.:"'.7 : :

I am a student <s> suis étudiant
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CNN, RNN, Attention

RNN

CNN

Layer type Complexity Sequential ops. Max. path length
Self-attention ~ O(n’d) O(1) O(1)

Recurrent O(nd?) O(n) O(n)
Convolutional ~ O(knd?) 0(1) O(log;, n)
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